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Abstract
This paper studies a combined delivery strategy involving a private vehicle and external carriers under
stochastic customer demands. The routing problem focuses on a single private vehicle, while external carri-
ers are allowed to determine their own routes independently and are compensated with a fixed price per unit
demand served. A strategy incorporating routing re-optimization is proposed, along with a new recourse
mechanism that leverages outsourcing through external carriers. To enable routing re-optimization, a novel
approximate linear programming (ALP) approach is introduced. This offers a new pathway for addressing
vehicle routing problems under stochastic demand considerations. The ALP approach is adapted to the spe-
cific structure of routing under stochastic demands, leading to the development of a decomposition-based
ALP solution framework. This adaptation arises from changes in the decision sequence of routing and re-
stocking at each step of the Markov decision process (MDP), which differs from previous formulations of
vehicle routing under stochastic demands. Additionally, further adaptations are made to facilitate the com-
putation of the proposed strategy by exploring the relationships among variables and constraints specific
to the problem context, as well as by developing a constraint sampling procedure designed to mimic the
near-optimal heuristic policy. Our numerical results show that the proposed outsourcing-based policy yields
notable operating‑cost savings, with an average improvement of 4.06% over the traditional recourse strategy
in midpoint‑depot instances. Moreover, in small instances where the optimal policy within the traditional
partial re‑optimization framework can be computed, the proposed price‑directed policy still provides cost
advantages over this re‑optimization scheme, demonstrating the value of our ALP‑based framework.
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1 INTRODUCTION

With the rapid growth of e-commerce, companies are experiencing a surge in order volumes and face increasing pressure to
meet customer demands in a timely and cost-effective manner. However, narrow profit margins make it impractical to improve
logistics efficiency solely by expanding company-owned delivery capacity. To ensure timely fulfillment, many companies sup-
plement their in-house fleets with external, or social, capacity—either occasionally or on a dedicated basis. Leveraging external
carriers helps reduce the need to maintain a large private fleet, particularly in the face of fluctuating demand. At the same time,
retaining a core private fleet remains essential to ensure delivery quality and reliability. This has led to a hybrid delivery model
that combines the advantages of company-owned vehicles and external carriers. This model is especially relevant for groceries,
electronics, pharmaceutical products, and meal deliveries [30]. In some cases, external carriers take on the primary delivery
role, with the private fleet providing backup support [e.g., 6, 51]. In others, the private fleet leads, while external carriers assist
with last-mile deliveries [e.g., 5, 12]. This paper focuses on the latter scenario, where external carriers supplement the private
fleet.
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This delivery service undoubtedly faces various sources of uncertainty. Such uncertainty may arise from factors such as
customer demand, customer presence, travel time, or service duration [42]. In this paper, we focus on the uncertainty associated
with customer demand. A relevant example can be found in the meal delivery setting. For instance, a restaurant (acting as a
depot) may serve nearby stalls (customers). These stalls function as fulfillment centers for continuously arriving orders. The
company-owned vehicle is dispatched from the restaurant to deliver meals to the stalls. Consequently, the quantity delivered
by the vehicle depends on the cumulative demand that has materialized by the time of its arrival. Meanwhile, the vehicle may
fail to fulfill the observed demand upon its first visit, resulting in partial unmet demand. In such cases, it may need to return
to the depot for replenishment or resort to using an outsourced (or crowd-sourced) vehicle, rather than making an additional
round trip with its own vehicle before continuing service. In this paper, the dynamism of customer demand is not addressed.
Instead, it assumes that deliveries are divided into discrete periods. The vehicle satisfies the demand observed at the time of its
first arrival, while any demand that arrives afterward is deferred to the next delivery period. In this way, the dynamic nature of
customer demand is managed.

This problem description corresponds to the situation in the vehicle routing problem with stochastic demands (VRPSD),
where customer demands are uncertain and are only revealed upon the vehicle’s arrival. In such cases, vehicles may encounter
routing failures due to insufficient capacity. To address these disruptions, recourse strategies are required to restore route feasibil-
ity [24]. Additionally, it can be advantageous to introduce external carriers to support the company-owned vehicles, particularly
when customer demand exhibits tidal characteristics. During peak hours, the company-owned vehicle may lack sufficient ca-
pacity to serve all customers, and frequent replenishment trips can be inefficient due to stringent delivery time constraints. If
external carriers are available near the depot, a portion of the demand can be allocated to them to ensure timely service.

Resorting to external carriers to fulfill partial demands can enhance logistics efficiency, albeit at the expense of additional
costs. External carriers are typically compensated for their services using various pricing schemes, including a fixed cost per
customer [e.g., 10], payments based on the distance traveled [e.g., 5], and fixed payments per unit of demand served [e.g., 7, 12].
This paper adopts the last scheme, where a fixed price is paid for each unit of demand fulfilled by the external carrier. This
compensation scheme is commonly used in practice, as evidenced by platforms like Amazon Flex [51] and is also analyzed in [7].
This pricing mechanism is particularly suitable for urban delivery settings, where couriers frequently manage multiple orders
simultaneously within compact geographic areas. Given that they often traverse congested zones before or after completing
assigned tasks, calculating fair compensation based on distance traveled becomes impractical. Such a fixed-rate pricing model
is especially prevalent on Chinese e-commerce platforms such as Meituan [35] and Ele.me [18].

This paper studies the routing problem for a company-owned vehicle under stochastic customer demands, with support from
other (external) carriers. The company-owned vehicle is required to dynamically update its route based on its current location,
residual capacity, and the set of unvisited customers—in other words, to perform routing re-optimization. This study can fall
within the scope of the vehicle routing problem with stochastic demands (VRPSD). As highlighted in previous studies [e.g.,
24], implementing routing re-optimization is challenging, even in the single-vehicle case. Relevant research remains scarce.
Therefore, this paper begins by focusing on the case of a single company-owned (private) vehicle. Additionally, it is assumed
that other carriers are responsible for their own routing costs. The company does not concern itself with the actual routes taken
by the carriers, as long as the assigned tasks are completed within the specified time limits. The other carriers are compensated
based on the number of units assigned, assuming a fixed price per unit. Furthermore, it is assumed that an adequate number of
external carriers are positioned around the depot, ensuring efficient responses to assignments—a pattern frequently observed
in Chinese e-commerce platforms.

Given the problem described above, we propose a recourse strategy called the partial-outsourcing strategy. This strategy
involves routing a private vehicle while outsourcing a portion of customer demand to other carriers. Specifically, the vehicle
departs from the depot and ultimately returns, following a route determined by the vehicle’s current state at each stage. At
each decision stage, the vehicle selects the next customer to serve and decides whether to perform preventive restocking. Upon
arrival, it fulfills the customer’s demand within its available capacity. If the vehicle lacks sufficient capacity, the unmet demand
is outsourced to other carriers at a penalty cost, which is charged at a fixed price per unit of demand. This strategy aims to
minimize the total cost, which consists of the vehicle’s travel expenses and the penalty cost incurred by outsourcing to other
carriers. Our partial-outsourcing strategy differs from traditional recourse strategies for the VRPSD, as illustrated in Figure 1. In
traditional recourse strategies, when a failure occurs, the vehicle performs a replenishment trip to the depot. The unmet demand
is then fulfilled by the vehicle upon its return, which typically refers to the detour-to-depot (DTD) operation scheme, as shown
in Fig. 1(a). In contrast, when a failure occurs, our strategy does not require the vehicle to take a detour to the depot solely for
the purpose of recovering route feasibility. Instead, the unmet demand is outsourced to other carriers, as shown in Fig. 1(b).
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F I G U R E 1 Comparison of recourse actions in partial-outsourcing to traditional strategies

1Q is the vehicle capacity. D ∗
i (i = 1, 2, . . .) denotes the observed demand of customer i at the vehicle’s arrival. “?” represents the unknown demands of customers that are yet to

be visited and observed.

To formulate the strategy, a Markov decision process (MDP) model is developed. In this model, the sequence of routing and
restocking decisions is altered, which enables the identification of a decomposition scheme for the value functions. Based on
this, a decomposition-based value function approximation approach is proposed. This approximation framework leverages the
problem’s inherent structure, thereby enhancing the effectiveness of the solution methodology. Given that solving the MDP
inevitably encounters the curse of dimensionality, an approximate linear programming (ALP) method is adapted to address this
challenge. While most previous works on the VRPSD with re-optimization have adopted approximate dynamic programming
(ADP) methods [e.g., 38, 48], our approach is based on the ALP, with the aim of opening a new pathway toward solving the
problem more effectively and potentially moving closer to optimality.

The ALP method begins by translating the MDP formulation into a linear programming (LP) model, where the decision vari-
ables represent value functions. To enhance tractability, these value functions are approximated using affine functions, resulting
in a formulation known as approximate linear program (ALP). This approach can yield bounds on the value functions, which
are then incorporated into the traditional Bellman recursion to approximate the value functions and derive a price-directed
policy [e.g., 16, 50]. Our ALP method is further developed by identifying and leveraging structural properties of the value func-
tions through decomposition. To reduce computational complexity, interdependencies among the value functions are analyzed,
and the resulting insights are utilized to reduce the number of variables in the ALP formulation, while limiting the number of
affine functions used for approximation. Moreover, because the ALP formulation involves intractable constraints, a constraint
sampling procedure is introduced to enhance tractability and enable efficient solution of the ALP model.

As illustrated in works related to the ALP approach [e.g., 41], two essential elements in implementing an ALP approach
are: (i) the choice of basis functions, and (ii) the state-relevance distribution, which determines the importance of states and
associated actions. Both are critical in minimizing the approximation error of the value function. In this paper, these two
aspects are addressed in a standard manner [41]. The basis functions are fixed and established based on domain knowledge.
The state-relevance distribution, which guides the selection of critical constraints in constraint sampling, is specified using
the states visited under a baseline policy. In our paper, the baseline policy is mimicked by a set of selected heuristic policies.
Our paper follows the conventional protocol for these components, which may impose limitations on the effectiveness of the
ALP method in solving the problem. Nevertheless, the potential of ALP is evident in the experimental results. In fact, more
effective handling of these two aspects can lead to significantly improved performance. Recent work in theMS/OR (management
science/operations research) community has shown increasing interest in advancing ALP methods, particularly through the
integration of machine learning techniques to improve basis selection and state-relevance distributions [e.g., 32, 41], as well
as other algorithmic enhancements [e.g., 36, 54, 37]. With these developments, a viable and promising solution method for
solving routing problems near-optimally appears to be on the horizon.

To demonstrate the effectiveness of the proposedmethod, computational studies are conducted frommultiple perspectives: (i)
against a traditional recourse strategy without outsourcing, (ii) in comparison with several high-quality benchmark approaches,
(iii) under demand distributions with different degrees of variability, and (iv) by varying the outsourcing price. These compar-
isons offer a comprehensive evaluation of the proposed approach from different angles in addressing the problem at hand. For
comparison (i), when evaluated against the traditional recourse strategy, the proposed approach demonstrates a clear cost-saving
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advantage, likely attributable to more context-sensitive restocking decisions and driven by a restructured decision sequence. In
comparison (ii), the results indicate that the proposed method has the potential to surpass the other methods, while keeping
computational time manageable and comparable to that of the most time-consuming heuristic. For comparison (iii), experi-
ments using demand distributions with low and high levels of variability yield results generally consistent with the findings
of [20]. This suggests that the effectiveness of the proposed method is largely unaffected by demand variability. The observed
differences are minor, indicating that either type of demand distribution can be appropriately used to evaluate the method’s
performance. Lastly, for comparison (iv), varying the outsourcing prices within the suggested ranges reveals corresponding
trends across different price settings for midpoint and corner depot scenarios. The variations in these trends further suggest that
a dedicated study focusing on the pricing problem for the problem at hand should be pursued in the future.

The primary contributions of this paper are summarized as follows.

• A vehicle routing problem under uncertain demands is addressed, where a private vehicle is assisted by external carriers. A
partial-outsourcing strategy is proposed to address this problem, incorporating a recourse action that leverages outsourced
delivery services.

• To enable the computation of this strategy, an ALP approach is introduced and specifically tailored to the structural char-
acteristics of the routing problem under stochastic demands, leading to the development of a decomposition-based ALP
solution framework.

• Additional adaptations are made to enhance computational efficiency, including the exploitation of relationships among
problem-specific variables and constraints, as well as the design of a constraint sampling procedure.

• Finally, comprehensive numerical experiments are conducted, with the results analyzed to draw conclusions and provide
insights into the performance and effectiveness of the proposed method.

The remainder of the paper is organized as follows. Section 2 reviews relevant literature. Section 3 presents the partial-
outsourcing strategy, formulated using an MDP formulation. Section 4 introduces the ALP solution framework. By exploring
the problem structure, a decomposition-based solution framework is developed. Section 5 specifies the approximation for the
cost of recourse actions. In Section 6, a price-directed policy is derived based on the approximation of value functions, in which
routing and restocking decisions are elaborated given observed routing states. Section 7 discusses the experimental results.

2 LITERATURE REVIEW

This paper investigates the routing problem for a private vehicle assisted by external carriers in the context of stochastic customer
demands. The study is closely related to combined delivery systems that integrate external carriers together with a private fleet,
as well as to VRPSD. Given the focus on route design, the literature review on combined delivery systems is further narrowed
to studies that address routing aspects. Furthermore, since the problem is solved using ALP, the literature on ALP methods is
also reviewed, along with the relevant solution techniques employed in this study.

Combined delivery of private and crowd vehicles
Recent studies have shown a growing research interest in vehicle routing problems involving the combined use of private and

crowd-sourced vehicles for delivery, driven by a logistics paradigm shift under the sharing economy. This line of research can
generally be classified into two categories based on which type of vehicle plays the leading role. In the first category, private
vehicles serve as the primary delivery agents, with external carriers providing supplementary support [e.g., 5, 14, 12, 15, 7].
In the second category, external carriers take the primary responsibility, while private vehicles act as backups [e.g., 23, 6,
34, 51]. Our research falls into the former category. In this category, Archetti et al. [5] were among the first to formalize the
problem by extending the classical vehicle routing problem to incorporate in-store customers as crowd-shippers. They examined
a deterministic routing setting in which each crowd-shipper was assigned to deliver to a single customer and was compensated
according to the distance deviated from their original route. Dahle et al. [14] extended the model by allowing a common carrier
to handle multiple delivery tasks and designing vehicle routes for each vehicle under time window constraints. They considered
a deterministic routing problem. Dayarian and Savelsbergh [15] considered stochastic information regarding the arrival of in-
store customers and online orders. They studied the routing problem on the same-day delivery setting where in-store customers
were treated as potential crowd-shippers. Dabia et al. [12] and Baller et al. [7] studied the vehicle routing problem with private
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fleet and common carriers, and proposed exact algorithms to solve it. Both studies were conducted under the deterministic
settings. In this category of research, most studies focus on deterministic settings, with only Dayarian and Savelsbergh [15]
addressing the stochastic nature of crowd-shippers’ and customer orders’ arrivals.

In addition to the work by Dayarian and Savelsbergh [15], other research also addresses uncertainty settings, though relevant
studies remain rare. Torres et al. [51] andDahle et al. [13] examined the stochasticity of crowd-shippers’ availability. Gdowska et
al. [23] incorporated the probability that a crowd-shipper may reject an assigned delivery task. Overall, existing works focus on
uncertainty related to the supply of crowd vehicles and the arrival of customer orders, while uncertainty arising from customer
demand has not been addressed. Moreover, this paper considers the routing problem only for private vehicles, assuming that
crowd-sourced vehicles operate their routes independently. The setting was also adopted in [7], where crowd carriers were
compensated based on a fixed price per unit of demand.

Recourse strategies and re-optimization approaches
The problem investigated in this paper falls within the scope of the VRPSD. To address demand uncertainty, routing re-

optimization is considered, and a recourse strategy incorporating outsourcing is developed. Accordingly, the literature review
includes existing research on recourse actions for the VRPSD, as well as approaches for implementing routing re-optimization.
For a general overview of the VRPSD, the works by Gendreau et al. [24] and Florio et al. [21] can be referred to.

Various recourse strategies have been developed since the introduction of the classical DTD operating scheme. Under the
DTD scheme, the vehicle returns to the depot for replenishment if a stockout occurs at a customer location. Most early recourse
strategies were based on this approach [e.g., 29]. Another widely studied recourse action is preventive restocking, where the
vehicle may proactively return to the depot before its inventory is depleted [e.g., 53, 33]. Besides, Novoa et al. [39] introduced
an extended recourse strategy by disallowing partial deliveries and proposed two alternative recourse actions. In recent years,
several new recourse strategies have emerged. Salavati-Khoshghalb et al. [43] presented a rule-based recourse policy, where a
preventive restocking trip is triggered when the remaining vehicle capacity falls below a predefined customer-specific threshold.
In a follow-up study, Salavati-Khoshghalb et al. [44] developed a hybrid policy that quantifies the risk of failure using a distance-
basedmeasure. More recently, Florio et al. [20] proposed the switch policy, which incorporates preventive restocking and allows
the swapping of visiting orders between two adjacent customers. Existing recourse strategies have not considered outsourcing
as a potential recourse action, possibly because most were developed prior to the rise of the sharing economy.

Several studies have addressed the VRPSD with routing re-optimization, primarily through approaches based on the ADP.
Secomandi [45] proposed a neuro-dynamic programming algorithm that approximates the value functions of system states using
linear combinations of pre-selected features. Later, Secomandi [46] introduced a one-step rollout algorithm that incrementally
improves a base routing sequence. After that, Novoa and Storer [38] enhanced this approach by developing a two-step rollout
algorithm. Then, Secomandi and Margot [48] proposed a partial re-optimization method, in which, given an a priori route, re-
optimization is applied within customer blocks along the predetermined route. In the context of multi-vehicle routing, Goodson
et al. [25, 26] studied the VRPSD with duration limits and introduced rollout-based policies. Zhu et al. [56] developed a paired
cooperative re-optimization method, where customer assignments between two vehicles are dynamically updated, and routing
is adjusted using the partial re-optimization procedure. More recently, Ulmer et al. [52] considered a variant of the VRP with
stochastic customer requests and proposed an offline-online ADP framework to address it. In summary, the ALP method has
not yet been applied to solve the VRPSD.

Approximate linear programming and related solution techniques
ALPmethods have been employed in various problem contexts, including inventory routing [e.g., 1, 2], revenue management

[e.g., 3, 31, 49], scheduling problems [e.g., 4, 8], knapsack problems [e.g., 9], and the traveling salesman problems (TSP) [e.g.,
50]. However, ALP has not yet been adapted to address variants of the vehicle routing problem (VRP). Existing works that apply
an ALP approach to routing problems are limited and primarily focus on the TSP, where capacity constraints or delivery demand
requirements are not considered [e.g., 50, 22]. Since the use of affine functions to approximate value functions is a standard
procedure in the ALP approach, and the lower bounds obtained by solving an approximate linear programming formulation are
theoretically guaranteed, we do not elaborate on these steps here. Detailed discussions can be found in references such as [16]
and [50].

Our solution framework differs from the standard ALP approach primarily through the development of a decomposition-
based method. This decomposition leverages the problem-specific structure of the routing value function. A key novelty lies
in the reordering of the decision sequence—specifically, altering the order of routing and restocking decisions in the VRPSD.
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To the best of our knowledge, this change in decision order has not been previously explored [e.g., 48, 38]. Experimental
results also demonstrate the benefits of this modified sequence. Further, the development of the decomposition-based value
function approximation enables the introduction of tailored solution techniques. These include analyzing the interrelationships
among variables and constraints to uncover opportunities for computational simplification. Notably, such techniques are highly
problem-specific. As theALP approach has not been adapted to theVRPs, the solution techniques developed here are specifically
designed to address the unique challenges of this problem.

To tackle the unmanageable constraints in an ALP formulation, various approaches have been proposed, most notably con-
straint generation [e.g., 2, 22] and constraint sampling [e.g., 17, 19]. The development of techniques for addressing intractable
constraints in the ALP framework has also been discussed in recent research [e.g., 36, 32]. In this paper, we adopt the con-
straint sampling approach, building on the idea of [2]. To implement this, a multi-sampling framework that mimics the baseline
policy for constraint sampling is proposed. Since the constraint-handling procedure in the ALP approach is considered only a
minor component of the overall solution methodology—and is not the primary focus of this work—a standard implementation
is adopted for this step. Nevertheless, as highlighted in recent literature [e.g., 41], it has been suggested that a more in-depth
investigation into this procedure could substantially enhance the performance of ALP methods. Accordingly, this aspect is
identified as a promising direction for future algorithmic improvements.

3 PARTIAL-OUTSOURCING STRATEGY

In this section, the partial-outsourcing strategy is formulated using MDP. The notation and assumptions for the routing problem
are introduced, and then the value functions and optimal actions under the strategy with outsourcing are defined. In the end, the
difference between our formulation and those used in previous works is clarified, and the optimality equation in our formulation
is generalized.

Notation and assumptions
The notation used in this paper is generally in line with other VRPSD literature [e.g., 45, 38, 48]. The strategy can be

formulated as a finite-horizon discrete-time Markov decision process. Considering a complete network, customers are denoted
by node set N = {1, . . . ,N}, and 0 denotes the depot. A vehicle with capacity Q (Q ∈ N+) is dispatched from a depot to visit
customers, satisfies their demands and eventually returns to the depot. Distance dlj between any two nodes l and j (l, j ∈ N ∪0),
computed by Euclidean distance, is assumed to be known, symmetric, and satisfy the triangle inequality: dlj ≤ dl i + dij, with i
an additional node. Demand quantity for customer l (l ∈ N ), ξ̃l, is a random variable characterized by a probability distribution
pl(e) = Pr(ξ̃l = e) (e = 0, 1, . . . ,E ≤ Q) and pl(e) = 0 (e = E + 1, . . . ,Q), where E is a nonnegative integer. Customer
demand ξ̃l is independent of the vehicle routing/replenishment policy, and its realization ξl can only be observed when the
vehicle arrives at the customer. The total depot capacity is assumed to be at least N · E, so all customer demands can be fully
satisfied. A summary of notation is provided in Appendix C.

In our formulation, split deliveries are allowed. When a failure occurs at customer l, the vehicle delivers its existing load q
(q < ξl) to the customer, and the remaining unmet demand is outsourced with an expense of b · (ξl –q), where b is the unit price
for outsourcing.

Value functions
The strategy is formulated as anMDPwith stages in setΩ = {N,N–1, . . . , 0}, with stage k ∈ Ω corresponding to the number

of unvisited customers. Each stage k ∈ Ω\{N} starts when the vehicle finishes serving the current customer. The corresponding
state is denoted by sk = (l, q,Rk(l)), representing the vehicle departing from current location l (l ∈ N ) with available capacity
q (q ∈ Q = {0, 1, . . . ,Q}) and set of remaining unvisited customers Rk(l) (Rk(l) ⊆ N ). Ψ denotes the state space for the
process, and it is composed of

Ψ =
{

sN = (0,Q,N )
}
∪
{

sk = (l, q,Rk(l))
∣∣ k ∈ Ω\{N}, l ∈ N , q ∈ Q, Rk(l) ⊂ N

}
. (1)

For state sk = (l, q,Rk(l)) at stage k ∈ Ω\{N, 0}, two decisions must bemade. First, it must be decided which customer j ∈ Rk(l)
to visit next. Second, it must be decided whether the vehicle will go directly to that customer (a case labeled D(j)) or return to the
depot to restock before proceeding to that customer (a case labeled R(j)). At the beginning stage N, the only available decision
is which customer to visit first. For the final stage 0, the only available action is to return to the depot without replenishing.
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Let Vk(l, q,Rk(l)) denote the optimal expected cost-to-go from state sk = (l, q,Rk(l)) ∈ Ψ. The cost-to-go values at the final
stage are

V0(l, q, ∅) = dl0, ∀l ∈ N , q ∈ Q. (2)

For state sk = (l, q,Rk(l)) at stage k ∈ Ω\{N, 0}, the optimal policy satisfies the following Bellman equations,

Vk(l, q,Rk(l)) = min
j∈Rk(l)

{
min

{
VD(j)

k (l, q,Rk(l)),V
R(j)
k (l, q,Rk(l))

}}
, ∀sk ∈ Ψ. (3)

where VD(j)
k (l, q,Rk(l)) and VR(j)

k (l, q,Rk(l)) are the cost-to-go values associated with stage k and state (l, q,Rk(l)), cor-
responding to visiting next customer j directly and by first replenishing at the depot, respectively. min{VD(j)

k (l, q,Rk(l)),
VR(j)

k (l, q,Rk(l))} ensures customer j (j ∈ Rk(l)) is reached in the most efficient way. The optimal next customer j∗ (j∗ ∈ Rk(l))
corresponds to the one with the minimum cost-to-go value. The cost-to-go values for the two cases can be written as follows.

VD(j)
k (l, q,Rk(l)) = dlj + Bj(q) +

∑
e≤q

pj(e) · Vk–1(j, q – e,Rk–1(j; l)) + Vk–1(j, 0,Rk–1(j; l)) ·
∑
e>q

pj(e),

VR(j)
k (l, q,Rk(l)) = dl0 + d0j +

∑
e

pj(e) · Vk–1(j,Q – e,Rk–1(j; l)), ∀j ∈ Rk(l), sk ∈ Ψ, (4)

whereRk–1(j; l) = Rk(l)\{j}, and Bj(q) = b·
∑
e>q

pj(e)·(e–q) calculates the expected outsourcing cost if residual capacity q is not

sufficient to meet customer j’s demand. Bj(q) equals to 0 when q ≥ E. The vehicle may encounter two situations when visiting
customer j directly. When residual capacity q is sufficient to satisfy the demand of customer j (i.e., e ≤ q), the residual capacity
is updated after completing the service of customer j, and the remaining capacity equals q – e. Otherwise, when the demand
exceeds the residual capacity (i.e., e > q), the vehicle depletes its inventory and leaves unmet demand e – q to be outsourced.

At beginning stage N, for unique starting state sN = (0,Q,N ), the optimal value function is

VN(0,Q,N ) = min
j∈N

{
d0j +

∑
e

pj(e) · VN–1(j,Q – e,N \{j})

}
. (5)

Optimal actions
The optimal action at final stage 0 is to return to the depot from the final customer, whereas beginning stage N includes a

choice of which customer j to visit in such a way that

jN(0,Q,N ) = argmin
j∈N

{
d0j +

∑
e

pj(e) · VN–1(j,Q – e,N \{j})

}
. (6)

Variable uj,l,Rk(l)(q) is then introduced to denote the replenishment decision at state (l, q,Rk(l)) concerning routing customer
j next. The optimal replenish decision uj,l,Rk(l)(q) is determined by

uj,l,Rk(l)(q) =

{
1, ifVR(j)

k (l, q,Rk(l)) ≤ VD(j)
k (l, q,Rk(l))

0, ifVR(j)
k (l, q,Rk(l)) > VD(j)

k (l, q,Rk(l)).
∀j ∈ Rk(l), for sk ∈ Ψ. (7)

By defining uj,l,Rk(l)(q), equation (4) can be rewritten as

Vuj,l,Rk(l)(q)
k (l, q,Rk(l)) = dlj + Bj(q) + (∆lj – Bj(q)) · uj,l,Rk(l)(q)

+E
[
Vk–1(j, q′,Rk–1(j; l))

∣∣ q, uj,l,Rk(l)(q)
]
. ∀j ∈ Rk(l), sk ∈ Ψ. (8)

where ∆lj = dl0 + d0j – dlj represents the extra cost for a preventive return to the depot when l and j are consecutive customers
in the delivery route. q represents the initial residual capacity at current customer l. q′ denotes the residual capacity after
satisfying the demand of next customer j. E

[
Vk–1(j, q′,Rk–1(j; l))

∣∣ q, uj,l,Rk(l)(q)
]
is the expected future cost, given initial
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residual capacity q and taking the replenish decision given by equation (7)

E
[
Vk–1(j, q′,Rk–1(j; l))

∣∣ q, uj,l,Rk(l)(q)
]
=

∑
e≤q

pj(e) · Vk–1(j, q – e,Rk–1(j; l)) + Vk–1(j, 0,Rk–1(j; l)) ·
∑
e>q

pj(e), if uj,l,Rk(l)(q) = 0,∑
e

pj(e) · Vk–1(j,Q – e,Rk–1(j; l)), if uj,l,Rk(l)(q) = 1.
(9)

Based on the definition of Vuj,l,Rk(l)(q)
k (l, q,Rk(l)), for state sk = (l, q,Rk(l)) at stage k ∈ Ω\{N, 0}, the best next customer

location is determined by
jk(l, q,Rk(l)) = arg min

j∈Rk(l)

{
Vuj,l,Rk(l)(q)

k (l, q,Rk(l))
}
. (10)

Comparison of dynamic programming equations for VRPSD with outsourcing, and traditional VRPSD
In traditional VRPSD [see, e.g., 53, 46, 48], the cost-to-go value for each state sk can be expressed as

Vk(l, q,Rk(l)) = min
{

VD(jDk (sk))
k (l, q,Rk(l)), VR(jRk (sk))

k (l, q,Rk(l))
}
, ∀ sk ∈ Ψ, (11)

where jDk (sk) and jRk (sk) are the best following customer locations for the case of proceeding to the next customer directly and
the case of first replenishing at the depot, respectively. The best routing options are considered first in their formulations, and
then replenishment decisions are made. It contrasts to equation (3), where replenishment decisions are made first, after which
the best routing option is decided. By changing the decision sequence (i.e., u →j, instead of j →u), optimality equations (3)
and (4) can be jointly expressed as

Vk(l, q,Rk(l)) = min
j∈Rk(l)

{
dlj + Bj(q) + (∆lj – Bj(q)) · uj,l,Rk(l)(q) + E

[
Vk–1(j, q′,Rk–1(j; l))

∣∣ q, uj,l,Rk(l)(q)
]}

∀ j ∈ Rk(l), sk ∈ Ψ.
(12)

Note that we change the decision sequence for the sake of our approximation scheme. While value functions with or without
restocking differ in their expressions as shown in equation (4), they can be unified as in equation (12). This unification facilitates
value function decomposition and aids in deriving equation (16) in the next section. It is important to note that modifying
the decision sequence can potentially affect the problem’s structure and, consequently, influence the optimal action. However,
reformulating a problem by altering the decision sequence can sometimes improve tractability, leading to different (or more
efficiently computed) optimal actions. Section 4 explores the decomposition of value functions, based on the reformulation of
the value function in equation (12), and introduces the solution framework for addressing the MDP discussed in this section.

4 DECOMPOSITION-BASED APPROXIMATE LINEAR PROGRAM FRAMEWORK

Solving the MDP formulation inevitably leads to the curse of dimensionality. In our model, the state space has a cardinality of
1+N(Q+1)2N–1, making it intractable as the number of customers increases. One way to address this challenge is through the
ALP approach. In this approach, the MDP is reformulated as a LP problem, where the decision variables represent the value
functions. To further simplify the solution, affine functions are used to approximate these value functions, significantly reducing
the number of decision variables in the LP. Additionally, techniques such as constraint sampling and constraint generation
are employed to manage the LP’s intractable number of constraints. Finally, a price-directed policy is derived based on the
approximated value functions.

Applying the ALP approach directly can provide a solution to our problem. However, as noted in [50], the solution quality
can be poor. Their experience with routing re-optimization under stochastic arc costs, solved using the ALP framework, shows
that the approach performs well when returns to the depot are prohibited. However, its performance deteriorates when routing
with recourse (i.e., allowing returns to the depot) is introduced. They argued that the problem structure of routing with recourse
becomes complex, making direct value function approximation invalid and necessitating an alternative approach that better ex-
ploits the problem’s structure in this context. In the following, we analyze the structure of the value functions in our formulation
and propose a decomposition-based approach for value function approximation.
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Decomposition-based value function approximation
Equation (12) unified the expression of value functions with and without restocking under routing re-optimization with

stochastic demands. Using this formulation, restocking decisions are embedded within the value functions, leaving only routing
decisions explicitly considered. This structure allows the value function to be decomposed into two components: one associated
with routing decisions, and the other with replenishment trips and outsourcing resulting triggered by routing failures. A similar
decomposition of the value function into two parts is observed in a priori optimization for solving the VRPSD. In this context,
the problem is often modeled using stochastic programming with recourse (SPR), where a key structural property emerges in
the objective function of SPR formulations. Specifically, the objective function typically consists of two components: the cost
of routing along fixed routes and the penalty cost for replenishment trips [e.g., 33, 43].

In our formulation, the value functions are decomposed into two components: the cost associated with routing decisions
and the cost incurred due to replenishment trips, as shown in equation (13). This decomposition offers a structured approach
to modeling the problem, facilitating more efficient optimization and analysis. By distinguishing these two components, our
formulation aligns with existing stochastic programming methods while providing a clearer interpretation of the underlying
cost structure.

Vk(l, q,Rk(l)) = min
[J,(jJk–1,j

J
k–2,...,j

J
1)]

{[
dlJ + vk–1(J,Rk–1(J; l))

∣∣∣(jJk–1,j
J
k–2,...,j

J
1)

]
+ fJk(l, q,Rk(l))

∣∣∣(jJk–1,j
J
k–2,...,j

J
1)

}
,

J ∈ Rk(l), ∀ sk ∈ Ψ.
(13)

The first component [dlJ + vk–1(J,Rk–1(J; l))
∣∣∣(jJk–1,j

J
k–2,...,j

J
1)
] represents the travel cost between customers, given the routing

sequence [l, J, (jJk–1, jJk–2, . . . , jJ1)]. The realized route starts from location l and includes the remaining customers inRk(l), visiting
customer J ∈ Rk(l) first, followed by customers jJk′ (jJk′ ∈ Rk–1(J; l)\{jJk–1, . . . , jJk′+1}) at subsequent stages k′ = {k – 1, k –
2, . . . , 1}. The term vk–1(J,Rk–1(J; l))

∣∣∣(jJk–1,j
J
k–2,...,j

J
1)

corresponds to the travel cost associated with the partial route starting from

customer J and including the remaining customers in Rk–1(j; l). The second component fJk(l, q,Rk(l))
∣∣∣(jJk–1,j

J
k–2,...,j

J
1)

accounts
for the penalty cost, which includes additional travel distance for replenishment as well as potential outsourcing costs. This
component represents the expected future penalty cost given the current state (l, q,Rk(l)) and the decision to route customer
J next. Both components depend on the future routing policy, represented by [J, (jJk–1, jJk–2, . . . , jJ1)]. The superscript J in jJk′
(k′ = {k – 1, k – 2, . . . , 1}) indicates that future routing decisions should be made by fixing J as the first of the next customers to
visit. Equation (13) aims to determine the optimal routing policy [J, (jJk–1, jJk–2, . . . , jJ1)] for state sk in order to minimize expected
future costs.

The decomposition-based value function approximation is derived from equation (13). The value function is approximated by
decomposing it into two components and then estimating each separately. The following relation holds for the second component
in (13)

fJk(l, q,Rk(l))
∣∣∣(jJk–1,j

J
k–2,...,j

J
1)

≥ min
(jJk–1,j

J
k–2,...,j

J
1)

{
fJk(l, q,Rk(l))

∣∣∣(jJk–1,j
J
k–2,...,j

J
1)

}
= min

{
fJk(l, q,Rk(l))

}
,

∀ sk ∈ Ψ, J ∈ Rk(l),
(14)

The right-hand side of the equation follows from the fact that min
(jJk–1,j

J
k–2,...,j

J
1)

{
fJk(l, q,Rk(l))

∣∣∣(jJk–1,j
J
k–2,...,j

J
1)

}
represents the minimal

penalty cost among all possible routing sequences. Let LJ
sk
denote the lower bound of the future expected penalty cost for state

sk when routing customer J next. Assuming that lower bounds LJ
sk

(∀ sk ∈ Ψ) are available, these bounds are then used to
approximate the second component fJk(l, q,Rk(l))

∣∣∣(jJk–1,j
J
k–2,...,j

J
1)
. Let Ṽk(l, q,Rk(l)) (sk ∈ Ψ) represents the approximated value

functions. The value functions are approximated as

Ṽk(l, q,Rk(l)) = min
[J,(jJk–1,j

J
k–2,...,j

J
1)]

{
dlJ + vk–1(J,Rk–1(J; l))

∣∣∣(jJk–1,j
J
k–2,...,j

J
1)

+ LJ
sk

}
(15.1)

= min
J∈Rk(l)

{
dlJ + min

(jJk–1,j
J
k–2,...,j

J
1)

{
vk–1(J,Rk–1(J; l))

∣∣∣(jJk–1,j
J
k–2,...,j

J
1)

}
+ LJ

sk

}
(15.2)

= min
J∈Rk(l)

{
dlJ +min

{
vk–1(J,Rk–1(J; l))

}
+ LJ

sk

}
, ∀ sk ∈ Ψ, (15.3)
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equation (15.3) holds for the same reason as in equation (14). In fact, min
{

vk–1(J,Rk–1(J; l))
}

implies a deterministic TSP
process. Following the definition of vk–1(J,Rk–1(J; l)), min{vk–1(J,Rk–1(J; l))} determines a route that includes remaining
customers in Rk–1(J; l) and ends at the depot with the minimal traveling cost. For a deterministic TSP problem, tight lower
bounds can be fast generated by extant methods [27]. Let lJ,Rk–1(J;l)

tsp (l ∈ N , J ∈ Rk(l),
∣∣Rk(l)

∣∣ = k) represent the lower bounds
for approximating min

{
vk–1(J,Rk–1(J; l))

}
. Value functions can be further estimated by

Ṽk(l, q,Rk(l)) = min
J∈Rk(l)

{
dlJ + lJ,Rk–1(J;l)

tsp + LJ
sk

}
, ∀ sk ∈ Ψ. (16)

In our method, value functions are approximated in two steps. In the first step, the expected penalty costs LJ
sk
are estimated

for possible states sk ∈ Ψ and their associated next customers J ∈ Rk(l). In the second step, the approximated travel costs
for potential TSP routes

{
lJ,Rk–1(J;l)
tsp |∀J ∈ Rk(l)

}
are computed, given the realized state sk and each potential next customer

J ∈ Rk(l). Based on these two steps, the optimal routing decision at state sk is determined according to

jk(l, q,Rk(l)) = arg min
J∈Rk(l)

{
dlJ + lJ,Rk–1(J;l)

tsp + LJ
sk

}
, given a realized state sk. (17)

In other words, LJ
sk
are calculated a priori, whereas lJ,Rk–1(J;l)

tsp are generated as needed. Specifically, at state sk = (l, q,Rk(l)),
values LJ

sk
(J ∈ Rk(l)) are available, so only lJ,Rk–1(J;l)

tsp (J ∈ Rk(l),Rk–1(J; l) = Rk(l)\{J}) need to be computed. The following
LP formulation can be utilized to generate lJ,Rk–1(J;l)

tsp for each potential next customer J ∈ Rk(l), and this LP is solvable in
polynomial time [40, 28].

lJ,Rk–1(J;l)
tsp = min

x

 ∑
i′∈Rk–1(J;l)

dJi′xJi′ +
∑

i′∈Rk–1(J;l)

∑
j′∈Rk–1(J;l)∪{0}\i′

di′j′xi′j′

 (18.1)

s.t.
∑

i′∈Rk–1(J;l)

xJi′ = 1, (18.2)

∑
i′∈Rk–1(J;l)

xi′0 = 1, (18.3)

∑
j′∈Rk–1(J;l)\i′

xi′j′ = 1, i′ ∈ Rk–1(J; l), (18.4)

∑
j′∈Rk–1(J;l)\i′

xj′i′ = 1, i′ ∈ Rk–1(J; l), (18.5)

∑
i′∈U

∑
j′∈Rk–1(J;l)∪{0}\U

xi′j′ ≥ 1, ∀ ∅ ̸= U ⊆ Rk–1(J; l) ∪ {0}, (18.6)

x ≥ 0, x ∈ R. (18.7)

The LP formulation (18) is used to determine lower bound lJ,Rk–1(J;l)
tsp (J ∈ Rk(l)). In Section 5, the approximation of expected

penalty costs,
{

LJ
sk

∣∣ ∀ sk ∈ Ψ, J ∈ Rk(l)
}
, are determined.
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Overview of our solution framework
With the value function decomposition scheme presented in equation (16), our solution framework can be generalized, as

illustrated in Figure 2.

Price-directed 

policy
{ }1, ( ; )

( )
( , , ( )) min k

k
k

J J l J

k k lJ tsp s
J l

V l q l d l L-

Î
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ks" ÎY, .
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penalty costs
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Constraint sampling

  
(29) (30)

(16)

(28)

F I G U R E 2 Decomposition-based approximate linear programming solution framework

As shown in Figure 2, our solution framework is developed based on value function decomposition, as described in equation
(16). The value function is approximated by estimating two components separately: lJ,Rk–1(J;l)

tsp and LJ
sk
. The first component,

lJ,Rk–1(J;l)
tsp , obtained by formulation (18), estimates the traveling cost between customers by determining the minimal-cost route
when visiting customer J next. The second component, LJ

sk
, obtained by equations (28), approximates the penalty cost for

replenishment and outsourcing by formulating it as a MDP (19) and solving it using the ALP method. Following the ALP
method, the MDP formulation (19) is first transformed into the LP formulation (22). Then, the ALP formulation (24) is derived
by introducing affine functions (23). The ALP formulation (24) contains relatively few variables but an intractable number
of constraints, which are handled using constraint sampling. Several techniques to facilitate the formulation and solution of
the ALP are elaborated in Section 5. Additionally, a multi-sampling framework is proposed to implement constraint sampling.
Finally, with the approximated value functions, a price-directed policy is generated based on equations (29) and (30).

5 LOWER BOUND OF THE EXPECTED PENALTY

The value functions are approximated according to equation (16), with lJ,Rk–1(J;l)
tsp estimated by (18). Thus, only LJ

sk
remains to

be determined. Section 5.1 establishes the optimality equation for expected penalty costs and subsequently reformulates the
MDP using its linear programming counterpart. Section 5.2 introduces the ALP formulation for penalty costs by defining affine
functions. Section 5.3 proposes a constraint sampling approach for solving the ALP formulation.

5.1 Expected penalty cost

For any state sk = (l, q,Rk(l)) ∈ Ψ and potential next customer J ∈ Rk(l), LJ
sk

represents the lower bound of the ex-
pected penalty cost f J

k (l, q,Rk(l)). As explained in equation (13), f J
k (l, q,Rk(l)) denotes the expected future penalty cost given

the current state (l, q,Rk(l)) and the decision to route customer J next. This cost includes the additional travel distance for
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replenishment and potential outsourcing expenses. It satisfies the following optimality equation

f J
k (l, q,Rk(l)) = min
∆lJ +

∑
e

pJ(e) · fk–1(J,Q – e,Rk–1(J; l)), uJ,l,Rk(l)(q) = 1,∑
e≤q

pJ(e) · fk–1(J, q – e,Rk–1(J; l)) + b ·
∑
e>q

pJ(e) · (e – q) +
∑
e>q

pJ(e) · fk–1(J, 0,Rk–1(J; l)), uJ,l,Rk(l)(q) = 0,

∀ sk = (l, q,Rk(l)) ∈ Ψ, J ∈ N \l, k ∈ Ω\{N, 0}, (19.1)

and the optimal value function at beginning stage N is

f J
N (0,Q,N ) = min

j∈N

{∑
e

pj(e) · fN–1(j,Q – e,N \{j})

}
. (19.2)

The MDP formulation (19) is derived from formulation (3)-(5), by only considering the penalty costs caused by replenishment
trips and outsourcing expenses. The replenishment decision uJ,l,Rk(l)(q) for each state sk aims to minimize the future expected
penalty costs, either by replenishing before arriving at customer J (i.e., uJ,l,Rk(l)(q) = 1) or not (i.e., uJ,l,Rk(l)(q) = 0). If decision
uJ,l,Rk(l)(q) = 1 is made, the vehicle arrives at customer J with full capacity Q and incurs an additional travel cost ∆lJ where
∆lJ = dl0+d0J–dlJ. Conversely, if uJ,l,Rk(l)(q) = 0, the vehicle proceeds to customer J without replenishing, leaving its capacity
empty and facing a probability

∑
e>q

pJ(e) of failing to service customer J. Note that fk(l, q,Rk(l)) = min
J∈Rk(l)

{f J
k (l, q,Rk(l))},

which indicates that value function fk(l, q,Rk(l)) corresponds to the minimal value among all possible value functions when
fixing customer J as the next visit. In the following, fk(l, q,Rk(l)) (f J

k (l, q,Rk(l))) is substituted with fl,R(q) (f j
l,R(q)) for ease

of notation.
The penalty costs f j

l,R(q) exhibits the properties outlined in Propositions 1 and 2. These properties are utilized to define the
affine functions in Section 5.2, to select the constraints in Section 5.3, and to determine the outsourcing price b in Section 7.

Proposition 1. (Monotonicity of penalty cost on residual capacity q) for given customer l, customer j, and unvisited set R,
penalty cost f j

l,R(q) is non-increasing in residual capacity q.

Proposition 2. (Possible threshold-type replenishment) for particular customer l∗, customer j∗ and unvisited set R∗ (not all),
the optimal choice between replenishing and moving directly to the next customer is of threshold type in residual capacity q.

The proofs are shown in Appendix B.□

The MDP formulation (19) can be rewritten as the following LP model

max f j
0,N (Q) (20.1)

s.t. f j
0,N (Q) ≤

∑
e

pj(e) · fj,N \j(Q – e), ∀ j ∈ N , (20.2)

f j
l,R(q) ≤ ∆lj +

∑
e

pj(e) · fj,R\l(Q – e), ∀ l ∈ N , j ∈ R ⊆ N \l, q ∈ Qfe∣∣R∣∣ (∣∣R∣∣ ∈ {N – 1, N – 2, . . . , 2}), (20.3)

f j
l,R(q) ≤

∑
e≤q

pj(e) · fj,R\l(q – e) + b ·
∑
e>q

pj(e) · (e – q) +
∑
e>q

pj(e) · fj,R\l(0),

∀ l ∈ N , j ∈ R ⊆ N \l, q ∈ Qfe∣∣R∣∣ (∣∣R∣∣ ∈ {
N – 1, N – 2, . . . , 2

}
), (20.4)

f j
l,{j}(q) ≤ ∆lj, ∀ l ∈ N , j ∈ N \l,R = {j}, q ∈ Qfe

1 , (20.5)

f j
l,{j}(q) ≤ b ·

∑
e>q

pj(e) · (e – q), ∀ l ∈ N , j ∈ N \l, R = {j}, q ∈ Qfe
1 , (20.6)

f j
l,R(q), fl,R(q), f j

0,N (Q), f0,N (Q) ∈ R, ∀ l ∈ N , j ∈ R ⊆ N \l, q ∈ Qfe∣∣R∣∣ (∣∣R∣∣ ∈ {
N – 1, N – 2, . . . , 1

}
). (20.7)

Objective (20.1) and constraint (20.2) jointly express equation (19.2). Constraints (20.3) and (20.4) correspondingly translate
equation (19.1), capturing the transition of expected penalty costs from stage N – 1 to 2. Constraints (20.5) and (20.6) define
the conditions at stage 1, ensuring that any expected penalty cost at final stage 0 is zero, i.e., fl,∅(q) = 0 for all l ∈ N and
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q ∈ Qfe
0 . Additionally, the feasible range of residual capacity q at each stage k (k =

∣∣R∣∣ = N – 1, . . . , 1) in constraints (20.3)-
(20.6), denoted as Qfe

k (or Qfe∣∣R∣∣), is given by [(Q – (N – k) · E)+, Q – emin], where emin represents the minimal demand amount
ξ can take. In LP formulation (20), the variables are f j

l,R(q) and fl,R(q). Under objective (20.1), the optimal solution f j
l,R(q)

∗

(fl,R(q)∗) provides the largest lower bound for the penalty cost. This lower bound can then be used to approximate the expected
penalty cost.

5.2 Affine approximation for lower bound

Solving formulation (20) can be computationally inefficient due to the large number of variables. The variables f j
l,R(q) and

fl,R(q) scale as O(N2 · 2N–1 · Q), which follows from the calculation: N2 · (C1
N–1 + C2

N–1+, . . . ,+CN–1
N–1) · (Q + 1) + 1. Since

the summation of binomial coefficients results in 2N–1, the total number of variables grows exponentially with N, making
computation challenging. To mitigate this, variable deduction is necessary. A key observation is that fl,R(q) = min

j∈R

{
f j
l,R(q)

}
.

This allows us to eliminate redundant variables by enforcing constraint (21) in formulation (20). By leveraging this relationship,
the number of independent variables is reduced, easing the computational burden.

fl,R(q) ≤ f j
l,R(q), ∀ j ∈ R ⊆ N\ l (l ∈ 0 ∪N , q ∈ Qfe

k , k ∈ {N, N – 1, . . . , 1}) (21)

Formulation (20) is then reformulated as follows:

max f0,N (Q) (22.1)

s.t. f0,N (Q) ≤
∑

e

pj(e) · fj,N \j(Q – e), ∀ j ∈ N , (22.2)

fl,R(q) ≤ ∆lj +
∑

e

pj(e) · fj,R\l(Q – e), ∀ l ∈ N , j ∈ R ⊆ N \l,

q ∈ Qfe∣∣R∣∣ (∣∣R∣∣ ∈ {
N – 1, N – 2, . . . , 2

}
), (22.3)

fl,R(q) ≤
∑
e≤q

pj(e) · fj,R\j(q – e) + b ·
∑
e>q

pj(e) · (e – q) +
∑
e>q

pj(e) · fj,R\j(0),

∀ l ∈ N , j ∈ R ⊆ N \l, q ∈ Qfe∣∣R∣∣ (∣∣R∣∣ ∈ {
N – 1, N – 2, . . . , 2

}
), (22.4)

fl,{j}(q) ≤ ∆lj, ∀ l ∈ N , j ∈ N \l, R = {j}, q ∈ Qfe
1 , (22.5)

fl,{j}(q) ≤ b ·
∑
e>q

pj(e) · (e – q), ∀ l ∈ N , j ∈ N \l,R = {j}, q ∈ Qfe
1 , (22.6)

fl,R(q), f0,N (Q) ∈ R, ∀ l ∈ N , q ∈ Qfe∣∣R∣∣ (∣∣R∣∣ ∈ {
N – 1, N – 2, . . . , 1

}
). (22.7)

The number of variables is decreased, retaining only fl,R(q) in the formulation. Further variable reduction is achieved by
identifying a set of basis functions and substituting their affine forms for the original variables. To approximate the expected
penalty costs, we derive affine function representations as given in (23.1)-(23.3). These affine functions are specifically designed
to align with the structure of our problem and are adapted from existing research [e.g., 50, 49].

f0,N (Q) ≈ θ0,0,Q, (23.1)

fl,R(q) ≈ θl,0,q +
∑
j∈R

(αl,j,q ·∆lj + ωl,j · q), l ∈ N , j ∈ R ⊆ N \l,
∣∣R∣∣ ≥ 2, q ∈ Qfe∣∣R∣∣, (23.2)

fl,{j}(q) ≈ θl,0,q + αl,j,q ·∆lj + ωl,j · q, l ∈ N , j ∈ N \l, R = {j}. (23.3)

where θ ∈ RN·Q+N+1, α ∈ R(N2–N)·(Q+1) and ω ∈ RN2–N. The affine functions (23.1)-(23.3) approximate the expected penalty
cost fl,R(q). First, penalty costs arise due to restocking actions or outsourcing. To capture these costs, terms αl,j,q ·∆l,j and ωl,j ·q
are introduced, respectively. Term αl,j,q ·∆lj accounts for the additional travel cost∆lj (j ∈ R ⊆ N \l) incured when restocking,
while wl,j · q represents the outsourcing cost, which depends on the available residual capacity q. Additionally, constant θ is
introduced to adjust the approximation of the penalty cost. Second, the expected penalty cost is determined by the system states
(∀ sk = (l, q,R))� so, parameters θ, α and ω are defined concerning the states. Note that ω depends only on current location l and
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remaining unvisited customer j ∈ R, since the impact of residual capacity q is already incorporated as a multiplicative factor
in ωl,j · q. Term ω · q captures the monotonicity of the penalty cost with respect to residual capacity q, with the proof provided
in Appendix B. Finally, expression (23.2) reflects how the penalty cost varies when selecting different next customers j ∈ R,
particularly when multiple customers remain unvisited (

∣∣R∣∣ ≥ 2). With the affine functions in (23.1)-(23.3), formulation (22)
is reformulated as

max θ0,0,Q (24.1)

s.t. θ0,0,Q ≤
∑

e

pj(e) · θj,0,Q–e +
∑

t∈N \j

∆jt · (
∑

e

pj(e) · αj,t,Q–e) +
∑

t∈N \j

ωjt · (
∑

e

pj(e) · (Q – e)),

∀ j ∈ N , (24.2)

θl,0,q +
∑
t∈R

(∆lt · αl,t,q + ωlt · q) ≤ ∆lj +
∑

e

pj(e) · θj,0,Q–e +
∑

t∈R\j

∆jt · (
∑

e

pj(e) · αj,t,Q–e)+∑
t∈R\j

ωjt · (
∑

e

pj(e) · (Q – e)),

∀ l ∈ N , j ∈ R ⊆ N \l, q ∈ Qfe∣∣R∣∣ (∣∣R∣∣ ∈ {
N – 1, N – 2, . . . , 2

}
), (24.3)

θl,0,q +
∑
t∈R

(∆lt · αl,t,q + ωlt · q) ≤ (
∑
e≤q

pj(e) · θj,0,q–e +
∑
e>q

pj(e) · θj,0,0) + b ·
∑
e>q

pj(e) · (e – q)+∑
t∈R\j

∆jt · (
∑
e≤q

pj(e) · αj,t,q–e +
∑
e>q

pj(e) · αj,t,0) +
∑

t∈R\j

ωjt · (
∑
e≤q

pj(e) · (q – e))

∀ l ∈ N , j ∈ R ⊆ N \l, q ∈ Qfe
|R| (|R| ∈ {N – 1, N – 2 . . . , 2}), (24.4)

θl,0,q +∆lj · αl,j,q + ωlj · q ≤ ∆lj, ∀ l ∈ N , j ∈ N \l, q ∈ Qfe
1 , (24.5)

θl,0,q +∆lj · αl,j,q + ωlj · q ≤ b ·
∑
e>q

pj(e) · (e – q), ∀lN , j ∈ N \l, q ∈ Qfe
1 , (24.6)

θ, α, ω ∈ R. (24.7)

In formulation (24), variables include θ, α and ω, scaling as O(N2 · Q), which is calculated by N2 · (Q + 1) + N2 – N + 1.
This represents a dramatic reduction in the number of variables compared to the original formulation (22). While the ALP
formulation (24) now has fewer variables, it still involves an intractable number of constraints. To address this challenge, the
following subsection introduces a constraint sampling approach to manage the large number of constraints effectively.

5.3 Constraint sampling

Formulation (24) reduces variables to a manageable size. However, the number of constraints is still too large to solve. We
employ a constraint sampling approach [17] to tackle this issue. Constraint sampling is a general method used to tackle LP
formulations with few variables and an intractable number of constraints. It approximates the solution to the ALP. Our constraint
sampling framework selects promising constraints, and a solution based on the reduced formulation is obtained. Specifically,
a promising constraint set is formed based on selected state-action pairs, and each pair is obtained by sample learning from a
heuristic policy. Only a subset of constraints is included in the formulation, considering that some constraints are inactive or
have a minor impact on the feasible region [17].

Our method is developed based on the general framework for constraint sampling. The general method relies on the existence
of an optimal policy, which is usually unknown. We propose a multi-policy sampling framework to mimic the optimal policy.
A similar idea appears in Novoa and Storer [38]. The constraint space relevant to the ideal policy is mimicked based on the
constraints sampled by a set of heuristic policies. The local optimum obtained by a single heuristic policy can thus be escaped
by exploring a more extensive solution space discovered via policy diversification.

In our multi-policy sampling framework, a set of heuristic policies (denoted Pls) is prepared and listed in Appendix A. Each
policy is found using a heuristic algorithm to learn about each sample. The state-action pairs are thus generated. Specifically,
for sample {ξ}sam, if applying policy pl (pl ∈ Pls), a sequence of states and actions is obtained in the form(

sN, asN|pl ; sN–1, asN–1|pl ; . . . ; s0, as0 |pl
){ξ}sam

, (25)
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where {ξ}sam denotes a sample of realized customer demand
{
ξl
∣∣ l ∈ N

}
. ask|pl = (j, uj,l,R(q)) specifies the outcome of applying

distinct heuristic policy pl, potentially indicating a different routing decision j and restocking decision uj,l,R(q) to be taken
given realized state sk. State sk = (l, q,R) transits to state sk–1 = (j, [q + (Q – q) · uj,l,R(q) – ξj]

+,R\j) depending on action
ask|pl = (j, uj,l,R(q)) and realized demand ξj, where [·]+ indicates non-negative residual capacity. Therefore, as each heuristic
policy learns each sample, a set of states s and associated actions as

∣∣pl are obtained. The sequence can be written as a set of
pairs of states and actions (s, as

∣∣pl ) (s = {sN, sN–1, . . . , s0}). The pool of state-action pairs is finally formed by combining all
sets of state-action pairs obtained during the learning, denoted as Ps–a =

⋃
pl∈Pls

s′←s,as|pl

(s, as|pl).

Each state-action pair corresponds to a specific group of constraints. For example, for state-action pair (sk, ask):=
(l, q,R, j, uj,l,R(q))), if |R| ≥ 2 and R ̸= N , then constraints (26) are applied.

θl,0,q +
∑

t∈R
(∆lt · αl,t,q + ωlt · q) ≤ ∆lj +

∑
e

pj(e) · θj,0,Q–e +
∑

t∈R\j
∆jt · (

∑
e

pj(e) · αj,t,Q–e)+∑
t∈R\j

ωjt · (
∑

e
pj(e) · (Q – e)), uj,l,R(q) = 1,

θl,0,q +
∑

t∈R
(∆lt · αl,t,q + ωlt · q) ≤ (

∑
e≤q

pj(e) · θj,0,q–e +
∑
e>q

pj(e) · θj,0,0) + b ·
∑
e>q

pj(e) · (e – q)+∑
t∈R\j

∆jt · (
∑
e≤q

pj(e) · αj,t,Q–e +
∑
e>q

pj(e) · αj,t,0) +
∑

t∈R\j
ωjt · (

∑
e≤q

pj(e) · (q – e)), uj,l,R(q) = 0,

q ∈ Qfe
|R|, 2 ≤ |R| ≤ N (26)

Constraints (26) indicate that selecting customer j as the next destination is considered a promising action when the vehicle
is at customer j and the set of unvisited customers is R (j ∈ R). All feasible residual capacities q ∈ Qfe

|R| are considered,
as long as whether a restocking action is performed (uj,l,R(q) = 1) or not (uj,l,R(q) = 0). Since some residual capacities
may not be observed during sampling, all feasible values of q are included. Additionally, constraints for both restocking and
non-restocking scenarios are incorporated to capture the threshold-based nature of restocking under varying realized residual
capacities. Similarly, when the state action pair is (l, q, {j}, j, uj,l,{j}), i.e., at stage 1, when only one customer remains unvisited
(R = {j}), the selected constraints are{

θl,0,q +∆lj · αl,j,q + ωlj · q ≤ ∆lj, uj,l,R(q) = 1,
θl,0,q +∆lj · αl,j,q + ωlj · q ≤ b ·

∑
e>q

pj(e) · (e – q), uj,l,R(q) = 0, q ∈ Qfe
1 (27)

For state-action pair (0, q ≡ Q, j, uj,0,N (q) ≡ 0) (j ∈ N ), at beginning stage N, the selected constraint follows the same form
as in inequality (24.2). Consequently, the promising constraint set is established. All promising constraints are selected based
on promising state-action pairs (sk, ask |m) ∈ Ps–a, according to inequalities (26), (27), and (24.2).

By solving ALP formulation (24) with the constraints sampled by state-action pairs (sk, ask |m) ∈ Ps–a, the values of parameters
θ, α and ω are approximated. The lower bounds of expected penalty costs LJ

sk
(J ∈ R, sk = (l, q,R) ∈ Ψ) are subsequently

obtained based on equations (28.1)-(28.3).

LJ
sN
≈

∑
e

pJ(e) · θJ,0,Q–e +
∑

t∈N \J

∆Jt · (
∑

e

pJ(e) · αJ,t,Q–e) +
∑

t∈N \J

ωJt · (
∑

e

pJ(e) · (Q – e)),

sN = (0,Q,N ), j ∈ N , (28.1)

LJ
sk
= min

{
LR(J)

sk
,LD(J)

sk

}
≈

min


∆lJ +

∑
e

pJ(e) · θJ,0,Q–e +
∑

t∈R\j
∆Jt · (

∑
e

pJ(e) · αJ,t,Q–e) +
∑

t∈R\J
ωJt · (

∑
e

pJ(e) · (Q – e)), uJ,l,R(q) = 1,

(
∑
e≤q

pJ(e) · θJ,0,q–e +
∑
e>q

pJ(e) · θJ,0,0) +
∑

t∈R\J
∆Jt · (

∑
e≤q

pJ(e) · αJ,t,Q–e +
∑
e>q

·pJ(e) · αJ,t,0)+∑
t∈R\J

ωJt · (
∑
e≤q

pJ(e) · (q – e)) + b ·
∑
e>q

pJ(e) · (e – q), uJ,l,R(q) = 0,

∀ sk = (l, q,R) ∈ Ψ, J ∈ N \l, l ∈ N , q ∈ Qfe
k , 2 ≤ k ≤ N – 1, (28.2)

LJ
s1 ≈ min

{
∆lJ, b ·

∑
e>q

pJ(e) · (e – q)

}
, ∀ s0 = (l, q, {J}) ∈ Ψ, J ∈ N \l, l ∈ N , q ∈ Qfe

1 . (28.3)
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Equations (28.1)-(28.3) approximate the lower bounds for each state sk (sk ∈ Ψ, sk ∈ Ps–a) along with each possible next
customer J (J ∈ R). The derivation of (28.1)-(28.3) is based on (23.1)-(23.3) and (19.1). Values θ, α and ω are substituted into
(23.1)-(23.3) to approximate each fl,R(q) (∀ l ∈ N , R ⊆ N \l, q ∈ Qfe

|R|, s ∈ Ps–a). Consequently, lower bound LJ
sk
of fJl,R(q)

is obtained by substituting the approximation of fl,R(q) into (19.1). Finally, value function Vk(l, q,R) (sk ∈ Ψ, sk ∈ Ps–a) is
approximated by substituting LJ

sk
into (16).

6 PRICE-DIRECTED POLICY

With approximated value functions Ṽk(l, q,Rk(l)), given by (16), the price-directed (PD) policy can be derived. This policy
determines next customer jk(l, q,R) and restocking decision uj,l,R(q) for state sk = (l, q,R) (sk ∈ Ψ, k ∈ Ω\{N, 0}, sk ∈ Ps–a)
based on (29.1)-(29.2).

uJ,l,R(q) =

{
1, ifLR(J)

sk ≤ LD(J)
sk

0, ifLD(J)
sk > LR(J)

sk

, ∀ J ∈ R, J ∈ Ps–a (29.1)

jk(l, q,R) = arg min
J∈R,J∈Ps–a

{
dlJ + lJ,R\J

tsp + LJ
sk

}
, whereLJ

sk
= min

{
LD(J)

sk
,LR(J)

sk

}
(29.2)

At stage k ∈ {N–1, . . . , 1}, for state sk = (l, q,R), (29.1) is first applied to determine the restocking decision for each potential
next customer J ∈ R. The optimal next customer jk(l, q,R) is then selected based on (29.2), and restocking decision uj,l,R(q) is
made accordingly, depending on the chosen next customer jk(l, q,R). Values LR(J)

sk and LD(J)
sk are computed as per (28.2) or (28.3),

depending on whether restocking occurs at customer J (uJ,l,R(q) = 1) or not (uJ,l,R(q) = 0). Additionally, at the beginning of
the routing, (30) determines the first customer to visit, jN(0,Q,N ), when the vehicle departs from depot 0 with full capacity Q
and proceeds to the first customer directly (i.e., uj,0,N (Q) ≡ 0). In this initial step, LJ

sN
is obtained from (28.1). Finally, at final

stage 0, the vehicle proceeds directly to the depot, meaning j0(l, q, ∅) = 0 and no restocking occurs (u0,l,∅(q) = 0).

jN(0,Q,N ) = arg min
J∈N ,J∈Ps–a

{
d0J + lJ,N \J

tsp + LJ
sN

}
(30)

Note that observed states s and decisions for the next customers j are restricted by the promising state-action space Ps–a to
ensure the tractability of the ALP formulation. Theoretically, our price-directed policy can obtain the near-optimal policy of
the underlying MDP if the state-action space Ps–a is well-selected.

7 COMPUTATIONAL STUDY

This section evaluates the performance of the proposed policy (PD). First, the problem settings are described through instance
generation, followed by the setting of the outsourcing price. Next, the parameters of the proposed policy are tuned. After these
preparations, computational studies are conducted to assess the policy’s effectiveness from four aspects: (i) comparison with the
policy that uses the traditional recourse action, (ii) comparison with other high-quality policies, (iii) evaluation under demand
distributions with different degrees of variability, and (iv) analysis of the policy’s performance under various outsourcing prices.
The comparison with the traditional recourse strategy is conducted first to demonstrate the effectiveness of outsourcing as the
recourse action. Subsequently, other policies are adapted to incorporate outsourcing, enabling a performance comparison across
different policies. The experiments were conducted on a personal computer with an Intel Core 3.2 GHz processor and 16 GB
RAM, using Gurobi as the LP solver.

7.1 Instance generation and settings

Instance generation
Instances are generated following the instance generation scheme used in the VRPSD, as described in [48, 55]. Customer

locations are randomly placed within a 1,000 × 1,000 grid, where each grid unit represents 1 meter, 0.5 meters, 5 meters, or
other scales, depending on the region the depot serves. The depot is located at either (0, 0) or (500, 500), referred to as the
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corner and midpoint, respectively. Distances between customers and between customers and the depot are calculated using
Euclidean metrics. Customer demand follows a discrete uniform distribution with values from {1, 2, . . . , 5}, with an average
demand of 3 per customer. The problem size varies from 10 to 40 customers in increments of 5. Instances with fewer than
40 customers are emphasized to compare with other benchmark approaches and to assess computational difficulty in solving
larger problems. This aligns with the instance sizes used by Toriello et al. [50]. The expected filling rate (or load factor) is
computed as f̄ =

∑N
l=1 E(ξ̃l) /Q , where f̄ takes 1.9, 2.5 or 3.4 to represent different failure frequencies. Vehicle capacity Q is

determined by rounding 3N/̄f to the nearest integer. 20 instances are generated for each combination of settings. Additionally,
customer demand is modeled using normal distribution in addition to the uniform distribution, to analyze the impact of demand
variability on solution quality.

Setting of outsourcing price b
Outsourcing price b is determined based on two criteria. First, as explained in Appendix B.2, price b should incentivize

restocking decisions when the vehicle’s residual capacity is depleted (i.e., q = 0), preventing empty cruising and ensuring
efficient deliveries with the assistance of other carriers. Second, outsourcing should offer a cost advantage over non-outsourcing,
meaning that price b should be set to demonstrate the benefits of outsourcing compared to the traditional recourse strategy,
where deliveries are handled either through collaboration between the vehicle and other carriers or solely by the vehicle.

The two criteria are given by b ≥ max∆lj∑
e pj(e)·e and b ≤ min 2d0j∑

e pj(e)·e , with a detailed explanation in Appendix D. By setting
outsourcing price b within range [ max∆lj∑

e pj(e)·e ,
min 2d0j∑

e pj(e)·e ], the vehicle can restock upon failure while also potentially reducing costs
through outsourcing. Note that range of price b is derived based on the cost structure specific to our problem context and
assuming that other carriers undertake delivery tasks regardless of the outsourcing price. In the following, experiments are
conducted by setting price b basically to max∆lj∑

e pj(e)·e , particularly for comparisons (i)–(iii). A sensitivity analysis is then performed
for price b within the specified range.

Settings of PD policy
The PD policy is developed based on the multi-policy sampling framework. In practice, tiny adjustments are made to elicit

better performance. Specifically, an action is taken if it can be obtained from the state-action pool. Namely, the next customer
is only selected from those regarded as promising by the policy set. We also arbitrarily adjust the composition of policies in the
set. For each instance, the best combination of policies is chosen to find the solution to our PD policy. The candidate policies are
described in Appendix A. In our implementation, the states and relevant actions are generated by implementing each candidate
heuristic to learn about each sample. A sample is a set of realized customer demands ({ξ}sam, as defined in Section 5.3). To
determine state-action pool Ps–a, 500 samples are generated for learning by each candidate heuristic. We observe numerical
stability with 200 samples where there is no significant deviation in terms of the solution quality compared to the solutions
obtained using 500 samples or even more. This observation is also in line with the findings reported in Secomandi [46], where
200 samples are considered appropriate. Nevertheless, we use 500 samples as our approach could scale to this number of
samples without any noticeable performance drop.

7.2 Solution quality of PD policy

Performances are evaluated in terms of solution quality and computational time against the traditional recourse policy and
several benchmark approaches from the literature. In particular, the partial re-optimization method, implemented as PH(10)
following [48], serves as the primary baseline for performance evaluation. This method is applied both as the policy under
the traditional recourse action, denoted by PRtrd, and as the adapted policy with outsourcing, denoted by PRous. Additional
benchmark policies include the one-step rollout algorithm (ORA) [46], the two-step rollout algorithm (TRA) [38], and the
rollout algorithm (RA) [47], all adapted to address the VRPSD with outsourcing. The comparison with PRtrd assesses the
benefit of incorporating outsourcing as the recourse action. Comparisons with ORA and TRA further illustrate the impact of
different re-optimization strategies, while RA serves as a benchmark to evaluate the advantages of dynamic routing. In this
study, PH(10) is used to implement PRtrd (respectively, PRous), balancing computational effort and solution quality. However,
alternative implementations of PRtrd (respectively, PRous), such as SH(·) and PH(8), as discussed in [48], are also viable. Since
our approach is based on the multi-policy sampling framework, the impact of changing the heuristic policy remains consistent.
This framework integrates the solution spaces of multiple heuristic policies, ensuring that the inclusion of superior policies
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ultimately leads to an enhanced overall policy. Furthermore, to comprehensively assess our approach, we conduct comparisons
from the multiple perspectives: (i) against the traditional recourse policy without outsourcing, (ii) against several high-quality
benchmark policies, (iii) under demand distributions with varying degrees of variability, and (iv) by altering the outsourcing
price. These comparisons provide a multi-faceted evaluation of our approach’s effectiveness.

7.2.1 Comparison with traditional recourse strategy

Under the traditional recourse strategy, preventive restocking is implemented to avoid routing failures, and a detour trip to the
depot for replenishment is performed if a failure occurs, as outlined in [48]. In contrast, our outsourcing strategy differs in that
outsourcing is used to fulfill unmet demand when a failure arises. The comparison between these two strategies is conducted by
evaluating total costs across different problem settings. In the experiments, PD and PRtrd represent our policy and the traditional
policy, respectively. The adapted policy with outsourcing, denoted by PRous, is included as an additional benchmark. A direct
comparison between PRtrd and PRous further illustrates the effect of changing the recourse action from traditional to outsourcing-
based. The results reported in each row of Tables 1 and 2 present the average performance for each setting. Table 1 corresponds
to scenarios where the depot is located at the midpoint, while Table 2 presents results for corner-located depots. A problem
number marked with an asterisk (*) indicates that the proposed approach (PD) yields the best performance in that particular
setting.

T A B L E 1 Comparison between PD policy and traditional recourse policy (midpoint depot)

problem
set No.

customers &
capacity (N,Q)

method
PD

method
PRtrd

method
PRous γ(PD:PRtrd) γ(PRous:PRtrd)

method PD method PRtrd
b

nf nres nf nres

*1 (5,8) 2741.21 2835.92 2743.25 -3.34% -3.27% 0.75 1.1 0.7 0.95 81.73

*3 (10,16) 3036.52 3167.83 3036.52 -4.15% -4.15% 0.6 1 0.3 1.2 53.51

*5 (15,24) 3973.66 4245.82 3973.66 -6.41% -6.41% 0.53 0.67 0.25 1.35 55.78

*7 (20,24) 4396.17 4843.89 4396.17 -9.24% -9.24% 4.6 1 0.65 1.45 18.08

9 (25,30) 5543.47 5473.97 5323.66 1.27% -2.75% 0.6 2.3 0.40 1.9 81.22

*11 (30,36) 5774.68 6376.70 5774.68 -9.44% -9.44% 3.4 2 0.2 2 16.12

*13 (35,31) 5704.40 5892.35 5647.74 -3.19% -4.15% 0.4 3 0.4 2.6 178.13

15 (40,35) 7222.17 7079.67 7157.31 2.01% 1.10% 0.1 2.13 1 2.2 206.51

ave. / 4799.04 4989.52 4756.62 -4.06% -4.79% 1.36 1.65 0.49 1.71 86.39
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T A B L E 2 Comparison between PD policy and traditional recourse policy (corner depot)

problem
set No.

customers &
capacity (N,Q)

method
PD

method
PRtrd

method
PRous γ(PD:PRtrd) γ(PRous:PRtrd)

method PD method PRtrd
b

nf nres nf nres

*2 (5,8) 4928.80 4949.69 4944.36 -0.42% -0.11% 1 0.8 0.65 0.65 334.40

*4 (10,16) 4544.89 4558.38 4454.57 -0.30% -2.28% 0.65 1.05 0.65 0.6 224.47

*6 (15,24) 5789.25 5881.41 5811.18 -1.57% -1.19% 0.3 1.15 0.55 0.8 487.46

8 (20,24) 6886.04 6785.71 6846.61 1.48% 0.90% 0.5 1.85 0.6 1.35 219.01

*10 (25,30) 7844.87 7899.97 7744.82 -0.70% -1.96% 0.75 1.9 0.35 1.8 245.82

12 (30,36) 8785.66 8454.09 8436.81 3.92% -0.20% 0.25 1.95 0.4 1.65 269.75

*14 (35,31) 9188.57 9248.51 8889.82 -0.65% -3.88% 0.4 3.2 1 2 421.40

*16 (40,35) 10738.64 11113.15 10738.64 -3.37% -3.37% 0.53 5 0.62 1.35 455.12

ave. / 7338.34 7361.36 7233.35 -0.20% -1.51% 0.55 2.11 0.60 1.28 332.18

Tables 1 and 2 present a comparison between the PD policy and the traditional recourse policy for midpoint and corner depot
scenarios. The term γ(PD:PRtrd) (respectively, γ(PRous:PRtrd)) denotes the improvement rate of PD policy over PRtrd policy (respec-

tively, PRous policy over PRtrd policy), calculated as γ(PD:PRtrd)=
VPD

N (0,Q,N )–VPRtrd
N (0,Q,N )

VPRtrd
N (0,Q,N )

and γ(PRous:PRtrd)=
VPRous

N (0,Q,N )–VPRtrd
N (0,Q,N )

VPRtrd
N (0,Q,N )

.
nf and nres represent the average number of failures and restocking events, respectively. The mean values in the last row are
used to indicate overall performance from a general perspective. As shown in the tables, the PD policy generally outperforms
the traditional recourse policy PRtrd in both the midpoint and corner depot scenarios. A similar superiority is observed when
comparing the PRous policy to the PRtrd policy, highlighting the effectiveness of replacing traditional recourse actions with out-
sourcing. Due to the multi-policy sampling procedure, the PD policy integrates the solution space of PRous and other constituent
policies, thereby inheriting their improved performance relative to the traditional PRtrd policy. Moreover, the tables confirm the
appropriateness of the outsourcing price b, which plays a key role in enhancing the effectiveness of the PD policy.

Comparing the results in Tables 1 and 2, the PD policy demonstrates a more pronounced advantage over the traditional
recourse policy in the midpoint depot scenario than in the corner depot scenario, with average cost improvements of −4.06%
and −0.2%, respectively. Furthermore, in the corner depot scenario, the PD policy results in more frequent restocking trips
than the PRtrd policy —2.11 times on average versus 1.28—whereas in the midpoint depot scenario, the PD policy involves
fewer restocking trips, averaging 1.65 times compared to 1.71. This pattern is mainly attributed to the higher outsourcing price
b in the corner depot scenario—averaging 332.18 compared to 86.39 in the midpoint depot scenario—which stems from the
longer average travel distances required for external carriers to reach customers. The elevated outsourcing price is intended to
attract a sufficient number of external carriers despite the increased distance. Consequently, to minimize total costs, the private
vehicle relies more on restocking than on outsourcing in the corner depot scenario. This is further evidenced by the higher ratio
nres
nf , which equals 2.11

0.55 in the corner scenario compared to 1.65
1.36 in the midpoint scenario for the PD policy. In addition, since nf

also represents the average number of outsourcing instances, the tables reveal that outsourcing occurs more frequently in the
midpoint depot scenario than in the corner depot scenario—1.36 times versus 0.55 times on average—due to the significantly
lower outsourcing price in the former. This also confirms that the outsourcing price is reasonably set to accommodate different
routing scenarios and reduce costs accordingly.

7.2.2 Comparison with other high-quality policies

To evaluate solution quality, improvement rates γPRous
, γRA, γORA, and γTRA are introduced. These metrics represent the per-

centage improvements of the proposed policy PD over the benchmark approaches: γPRous
= VPD

N (0,Q,N )–VPR ous
N (0,Q,N )

VPR ous
N (0,Q,N )

compares PD

with PRous, γRA =VPD
N (0,Q,N )–VRA

N (0,Q,N )

VRA
N (0,Q,N )

compares PD with RA, γORA =VPD
N (0,Q,N )–VORA

N (0,Q,N )

VORA
N (0,Q,N )

compares PD with ORA, and γTRA

= VPD
N (0,Q,N )–VTRA

N (0,Q,N )

VTRA
N (0,Q,N )

compares PD with TRA. These improvement rates are computed based on the actual costs obtained
from implementing policies PD, PRous, RA, ORA, and TRA across various problem settings.
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T A B L E 3 Total costs based on different approaches (midpoint depot)

problem
set No.

customers &
capacity (N,Q)

method
PD

method
PRous

method
TRA

method
ORA

method
RA

rate
γPRous

rate
γTRA

rate
γORA

rate
γRA

*1 (5,8) 2741.21 2743.25 2782.57 2772.93 2772.93 -0.07% -1.49% -1.14% -1.14%

*3 (10,16) 3036.52 3036.52 3195.74 3210.07 3210.07 0.00% -4.98% -5.41% -5.41%

*5 (15,24) 3973.66 3973.66 4248.38 4310.17 4310.17 0.00% -6.47% -7.81% -7.81%

*7 (20,24) 4396.17 4396.17 4620.66 4739.61 4588.26 0.00% -4.86% -7.25% -4.19%

9 (25,30) 5543.47 5323.66 5667.88 5689.24 5605.19 4.13% -2.19% -2.56% -1.10%

*11 (30,36) 5774.68 5774.68 6541.33 6487.25 6487.25 0.00% -11.72% -10.98% -10.98%

13 (35,31) 5704.40 5647.74 6002.20 6041.87 6111.47 1.00% -4.96% -5.59% -6.66%

15 (40,35) 7222.17 7157.31 7285.36 7277.32 7277.32 0.91% -0.87% -0.76% -0.76%

T A B L E 4 Total costs based on different approaches (corner depot)

problem
set No.

customers &
capacity (N,Q)

method
PD

method
PRous

method
TRA

method
ORA

method
RA

rate
γPRous

rate
γTRA

rate
γORA

rate
γRA

*2 (5,8) 4928.80 4944.36 5187.68 4993.20 4994.97 -0.31% -4.99% -1.29% -1.32%

4 (10,16) 4544.89 4454.57 4793.03 4774.27 4712.28 2.03% -5.18% -4.80% -3.55%

*6 (15,24) 5789.25 5811.18 5725.10 5842.54 5842.54 -0.38% 1.12% -0.91% -0.91%

8 (20,24) 6886.04 6846.61 7553.71 7826.78 7695.17 0.58% -8.84% -12.02% -10.51%

10 (25,30) 7844.87 7744.82 7726.64 7734.12 7793.28 1.29% 1.53% 1.43% 0.66%

12 (30,36) 8785.66 8436.81 8855.31 8949.21 8949.21 4.13% -0.79% -1.83% -1.83%

14 (35,31) 9188.57 8889.82 9108.04 9191.13 9191.13 3.36% 0.88% -0.03% -0.03%

*16 (40,35) 10738.64 10738.64 10890.01 10830.70 10795.86 0.00% -1.39% -0.85% -0.53%

As indicated in Tables 3 and 4, the PD policy consistently outperforms several benchmark policies across most problem
settings. Furthermore, it demonstrates a small performance gap—within 5%—relative to the primary benchmark, the PRous

policy. Notably, in specific problem settings such as 1, 2, and 6, the PD policy exhibits superior performance over the PR policy.
This result is not unexpected, given that our solution framework is based on multi-policy sampling. As described in Appendix
A, the selected policies are composed from a diverse set of heuristics, each capable of identifying promising regions of the
solution space. Moreover, several of these policies are adapted versions of their original forms, further enhanced through value
function decomposition (also detailed in Appendix A). These composite policies facilitate broader exploration of the solution
space, thereby increasing the likelihood of discovering higher-quality solutions. A particularly noteworthy case arises in problem
settings 1 and 2 with 5 customers, where our PD policy achieves the best results among all evaluated policies. Under the PRous

policy framework, implementing PH(10) could yield a high‑quality or near‑optimal PRous (re-optimization) policy especially
for instances with a small number of customers†. However, in our experiments, the PD policy yields even lower total costs in
these instances. We attribute this improvement to the integration of policies generated under different decision sequences (see
Appendix A), which effectively expands the accessible solution space within a given sequence and leads to superior outcomes.

In summary, the multi-policy sampling procedure integrates the solution spaces of multiple policies, enhancing exploration
and increasing the potential to outperform any individual policy. In addition, the PD policy generally outperforms the two
dynamic routing policies (ORA and TRA) as well as the fixed routing policy (RA), demonstrating its superior performance.
Only a few problem settings with inferior performance are observed—such as problem setting 6—which may partially explain
why the PD policy can outperform the primary benchmark, the PRous policy. In fact, this also suggests that improved selection of

† For instances with 5 customers, the PH(10) approach is equivalent to dynamic programming. As illustrated in [48], each block executes a full dynamic programming procedure,
ensuring that the optimal re-optimization solution within that block is obtained exactly. Since the block size in PH(10) is 10—sufficient to cover all 5 customers—the optimal
re-optimization solution can be fully achieved using PH(10). For further details, please refer to [48].
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constraints during the constraint sampling procedure could enhance the performance of the ALP approach, potentially leading
to solutions that are much closer to optimal. Overall, the results presented in the tables indicate that the PD policy is both viable
and promising for addressing routing problems with stochastic demands. The computational time required to solve the problem
under different settings is discussed below.

T A B L E 5 CPU times of different approaches in seconds (midpoint depot)

problem
set No.

customers &
capacity (N,Q)

method PD method
PRous

method
TRA

method
ORA

method
RA

time(PD)/
time(PRous)prep. alp. imple. total

1 (5,8) 12.32 3.34 0.07 15.72 11.22 6.26 1.29 1.03 140.11%

3 (10,16) 8419.98 49.78 0.14 8469.90 8419.26 323.32 40.22 33.90 100.60%

5 (15,24) 20412.24 43.77 0.43 20456.44 20411.55 1533.24 216.16 194.30 100.22%

7 (20,24) 36435.41 39.91 0.08 36475.41 36437.17 2284.69 475.21 446.45 100.10%

9 (25,30) 60379.85 676.04 0.39 61056.28 60383.66 4630.82 317.76 260.68 101.11%

11 (30,36) 176981.58 242.45 0.51 177224.54 176988.51 8524.99 2458.64 2361.45 100.13%

13 (35,31) 196215.97 561.35 0.68 196778.01 196401.85 33199.56 3805.35 2954.90 100.19%

15 (40,35) 458787.72 954.63 0.35 459742.70 458850.68 82559.44 5732.28 4278.53 100.19%

T A B L E 6 CPU times of different approaches in seconds (corner depot)

problem
set No.

customers &
capacity (N,Q)

method PD method
PRous

method
TRA

method
ORA

method
RA

time(PD)/
time(PRous)prep. alp. imple. total

2 (5,8) 11.64 4.05 0.07 15.76 11.24 6.38 1.38 1.17 140.21%

4 (10,16) 8652.06 91.86 0.50 8744.42 8652.38 314.97 40.20 34.22 101.06%

6 (15,24) 19906.02 35.37 0.10 19941.49 19907.41 1371.64 115.94 90.69 100.17%

8 (20,24) 40282.03 67.12 0.26 40349.42 40287.50 2722.06 640.48 594.77 100.15%

10 (25,30) 60553.16 978.78 0.13 61532.06 60557.26 4554.14 326.12 261.19 101.61%

12 (30,36) 110713.50 1103.38 0.22 111817.10 110721.72 10379.55 2742.78 2627.08 100.99%

14 (35,31) 209853.34 607.83 0.28 210461.45 209963.38 34520.63 4200.87 3125.39 100.24%

16 (40,35) 489653.56 938.13 0.38 490592.07 489735.71 91008.32 5842.91 4389.39 100.17%

The total time for the PD policy consists of three components: the pre-compute time (prep.), the time for solving the ALP for-
mulation (alp.), and the implementation time (imple.). The prep. time primarily refers to the longest offline training time among
the heuristic policies selected in the multi-policy sampling procedure. This time is recorded based on the parallel computation
times of the various heuristic policies involved in the procedure (see Appendix A). The alp. time includes both the time re-
quired to generate constraints for the ALP formulation and the time to solve it using the Gurobi solver. As shown in the tables,
alp. times are significantly smaller than the prep. times. Therefore, imposing a time limit on solving the ALP formulation has
little effect on reducing the overall computational time, and thus no such limit is enforced. The imple. time refers to the average
time required to apply the PD policy to solve a specific problem instance. If the prep. and alp. times are considered as offline
computation, then the imple. time can be viewed as online computation. As a consequence, the PD policy can also potentially
be suitable for real-time decision-making since part of its computation time can be done offline.

As shown in Tables 5 and 6, the computational effort required to obtain a solution using the PD policy is approximately equal
to that of the PRous policy. In contrast, the computation times for the TRA, ORA, and RA policies are significantly smaller
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than those for the PD and PRous policies. By combining the performance results from Tables 3 and 4, it is evident that better
performance often comes at the cost of increased computational complexity, which aligns with intuition.

7.2.3 Solution quality under demand distributions with different variations

To account for varying customer demand patterns, experiments were also conducted under normally distributed demand in
addition to uniformly distributed demand. These different distributions allow for analyzing the impact of demand variability on
solution quality, while maintaining a consistent demand range andmean across all cases. Specifically, the uniform distribution—
with a variance-to-mean ratio of 0.67—represents a low level of demand variability and was used in the experiments discussed
above. In contrast, the normal distribution—with a variance-to-mean ratio of 3.66—captures a high level of variability.

T A B L E 7 PD policy performance under demand distributions with different variations (midpoint depot)

problem
set No.

customers &
capacity (N,Q)

uniform (low variability) normal (high variability)

method
PD γPRous

γ(PD:PRtrd) nres nf
method
PD γPRous

γ(PD:PRtrd) nres nf

1 (5,8) 2741.21 -0.07% -3.34% 1.1 0.75 2735.22 0.65% -3.53% 0.9 0.95

3 (10,16) 3036.52 0.00% -4.15% 1 0.6 3024.75 0.00% -2.64% 1 0.5

5 (15,24) 3973.66 0.00% -6.41% 0.67 0.53 3996.02 0.00% -3.56% 1.00 0.45

7 (20,24) 4396.17 0.00% -9.24% 1 4.6 4425.09 0.17% -6.02% 1 5

9 (25,30) 5543.47 4.13% 1.27% 2.3 0.6 5251.08 0.00% -0.62% 2.1 0

11 (30,36) 5774.68 0.00% -9.44% 2 3.4 5740.49 0.00% -6.51% 2 2.2

13 (35,31) 5704.40 1.00% -3.19% 3 0.4 5759.84 0.66% 0.69% 3 1

15 (40,35) 7157.31 0.91% 2.01% 2.13 0.1 7102.75 0.83% 1.95% 3 0.2

ave. / 4790.93 0.75% -4.06% 1.65 1.36 4754.41 0.29% -2.53% 1.75 1.29

T A B L E 8 PD policy performance under demand distributions with different variations (corner depot)

problem
set No.

customers &
capacity (N,Q)

uniform (low variability) normal (high variability)

method
PD γPRous

γ(PD:PRtrd) nres nf
method
PD γPRous

γ(PD:PRtrd) nres nf

2 (5,8) 4928.80 -0.31% -0.42% 0.8 1 4842.55 -0.86% -2.97% 0.95 0.85

4 (10,16) 4544.89 2.03% -0.30% 1.05 0.65 4518.59 2.10% 2.26% 1.05 0.65

6 (15,24) 5789.25 -0.38% -1.57% 1.15 0.3 5723.40 -0.18% -2.10% 1.05 0.35

8 (20,24) 6886.04 0.58% 1.48% 1.85 0.5 6759.99 0.56% 0.57% 2 0.3

10 (25,30) 7844.87 1.29% -0.70% 1.9 0.75 7689.66 -1.08% -1.43% 2 0.2

12 (30,36) 8785.66 4.13% 3.92% 1.95 0.25 8592.16 -0.05% -0.05% 2.6 0

14 (35,31) 9188.57 3.36% -0.65% 3.2 0.4 9031.45 2.28% -0.30% 3.5 0.3

16 (40,35) 10738.64 0.00% -3.37% 5 0.53 10563.89 0.00% -0.83% 5 0.23

ave. / 7338.34 1.34% -0.20% 2.11 0.55 7215.21 0.35% -0.61% 2.27 0.36

In Tables 7 and 8, γPRous
denotes the improvement rate of policy PD over policy PRous, and γ(PD:PRtrd) represents the improvement

rate of policy PD over policy PRtrd. As shown in the tables, policy PD generally performs better under higher demand variability
in both the midpoint and corner depot scenarios, with average total costs of 4750.41 vs. 4790.93 in the midpoint scenario and
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7215.21 vs. 7338.34 in the corner scenario. This demonstrates the consistent adaptability of the proposed approach to increased
demand variability. Specifically, higher restocking rates are observed under high demand variability—averaging 1.75 vs. 1.65
in the midpoint scenario and 2.27 vs. 2.11 in the corner scenario—which lead to fewer failures (averaging 1.29 vs. 1.36 in the
midpoint scenario and 0.36 vs. 0.55 in the corner scenario). These findings further highlight the robustness and adaptability of
our approach in handling high demand variability.

In fact, as shown in Tables 7 and 8, policy PD exhibits no apparent difference in performance across different levels of
demand variability, as indicated by improvement rate γPRous

, which remains within an absolute margin of 1.35% on average
across various problem settings. A similar observation was also reported in [20]. In their computational study, the authors
introduced three probability distributions to generate demand variability at different levels and concluded that cost savings
arise primarily from adopting a superior recourse scheme, rather than from changes in demand variability. This suggests that
any demand distribution can reliably represent the performance of the proposed approach. Additionally, they observed that
savings are generally higher when demand variability is low, particularly in the corner depot scenario. In contrast, our policy
performs better under high demand variability. This divergence can be attributed to a key difference in model design—namely,
the explicit inclusion of outsourcing prices. In our model, effective pricing decisions for outsourcing play an essential role in
reducing overall costs, especially when demand is more uncertain and customer locations are farther from the depot.

7.2.4 Sensitivity analysis of outsourcing price

The outsourcing price fluctuates to assess its impact on total costs and decision-making. As explained in the experimental
setup and in Appendix D, which define the outsourcing price and its range, the experiment is conducted by varying the price
within this range. Specifically, b0 represents the base price used in the previous experiments, while bmax denotes the maximum
price within the range. Additional prices are tested at increments of 0.3 ∗ (bmax – b0) between b0 and bmax, meaning that
b1 = b0+0.3∗(bmax–b0) and b2 = b0+0.6∗(bmax–b0) are used in the experiment. To evaluate the impact of outsourcing price
on decision-making, the ratio of restocking to outsourcing is analyzed. Additionally, the total costs under different price settings
are examined to assess the price’s effect on overall costs. The experiment is conducted under the uniform demand distribution.

T A B L E 9 Sensitivity analysis of outsourcing price (midpoint depot)

problem
set No.

customers &
capacity (N,Q) b0 bmax b0 b1 b2 bmax

PD nres/nf PD nres/nf PD nres/nf PD nres/nf

1 (5,8) 81.73 91.43 2741.21 1.47 2746.89 1.47 2750.52 1.47 2755.37 1.47

3 (10,16) 53.51 73.41 3036.52 1.67 3043.69 1.67 3050.86 1.67 3043.69 1.67

5 (15,24) 55.78 150.55 3973.66 1.26 4027.28 1.25 4043.37 2.20 4071.46 2.20

7 (20,24) 18.08 78.32 4396.17 0.22 4603.69 0.21 4679.79 0.79 4741.54 2.06

9 (25,30) 81.22 225.18 5543.47 3.83 5364.69 5.50 5428.47 5.22 5663.80 11.75

11 (30,36) 16.12 29.47 5774.68 0.59 5826.51 0.63 5876.04 0.70 5917.17 0.70

13 (35,31) 178.13 224.75 5704.40 7.5 5759.41 8.00 5773.39 8.00 5808.03 8.00

15 (40,35) 206.51 255.19 7157.31 21.30 7203.83 23.00 7256.71 23.00 7348.24 25.00

ave. / 86.39 141.04 4790.93 4.73 4822.00 5.22 4857.39 5.38 4918.66 6.61
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T A B L E 10 Sensitivity analysis of outsourcing price (corner depot)

problem
set No.

customers &
capacity (N,Q) b0 bmax b0 b1 b2 bmax

PD nres/nf PD nres/nf PD nres/nf PD nres/nf

2 (5,8) 342.66 361.96 4928.80 0.80 4908.85 2.67 4927.45 2.67 4913.24 2.67

4 (10,16) 224.47 455.58 4544.89 1.62 4523.84 3.29 4543.23 2.33 4528.66 3.14

6 (15,24) 487.46 548.75 5789.25 3.83 5824.05 3.43 5836.92 3.29 5854.08 4.60

8 (20,24) 219.01 479.16 6886.04 3.70 6844.48 7.80 6873.47 20.00 6871.26 20.00

10 (25,30) 245.82 480.17 7844.87 2.53 7840.73 8.00 7868.85 10.00 8070.29 13.67

12 (30,36) 269.75 538.20 8785.66 7.8 8789.99 8.70 8819.98 10.25 8912.72 10.5

14 (35,31) 421.40 462.82 9188.57 8 9189.51 11.17 9217.85 13.60 9314.78 17.5

16 (40,35) 455.12 496.26 10738.64 9.43 10745.53 16.65 10765.43 18.43 10849.89 26.50

ave. / 333.21 477.86 7338.34 4.71 7333.37 7.71 7356.65 10.07 7414.37 12.32

Generally, as shown in Tables 9 and 10, the overall cost increases with the outsourcing price in the midpoint and corner depot
scenarios. This trend is particularly evident in the last row of the tables, which reports the average costs. These results comple-
ment the findings in Tables 7 and 8, highlighting the critical role of outsourcing price in achieving cost savings. With adaptive
outsourcing prices and more frequent triggering of restocking actions (reflected by increased nres/nf), cost savings are achieved
as the outsourcing price increases. In addition, the observed variations in the trends may be attributed to the determination of
the outsourcing price range [b0, bmax], which is generally defined as [ max∆lj∑

e pj(e)·e ,
min 2d0j∑

e pj(e)·e ]. However, in some problem settings,
the lower bound max∆lj∑

e pj(e)·e exceeds the upper bound min 2d0j∑
e pj(e)·e , causing the range to collapse. In such cases, artificial adjustments

must be introduced, which may lead to less consistent or less observable trends. This highlights that the determination of the
outsourcing price is a critical issue that warrants further investigation. A more accurate and robust pricing strategy could en-
able more effective recourse policies. In this study, initial efforts have been made to address the outsourcing price, as reflected
in the parameter setting and detailed in Appendix D. However, further work is needed to explore pricing strategies more com-
prehensively. This may lead to a separate study specifically focused on the pricing problem within the context of the current
problem setting, which lies beyond the scope of this paper.

8 CONCLUSIONS

The paper investigates the routing problem for a private vehicle supported by auxiliary carriers under stochastic customer de-
mands. It proposes a strategy that leverages outsourcing to maintain route feasibility, motivated by the rise of the sharing
economy in the shipping industry. The strategy dynamically updates the vehicle’s routing and restocking decisions based on
the observed state at each customer arrival along the route. To formulate the strategy, a Markov decision process (MDP) is de-
veloped, with a key difference of altering the sequence of routing and restocking decisions at each stage. This change enables
the identification of the problem’s inherent structure, facilitating the development of a decomposition-based value function ap-
proximation approach. An approximate linear programming (ALP) approach based on value function decomposition is thus
proposed to compute the strategy, providing a novel and viable solution pathway for addressing stochastic demands in vehicle
routing problems. Several techniques tailored to the problem context are introduced to ease computation. In particular, a con-
straint sampling procedure, termed the multi-policy sampling framework, is developed to manage the intractable constraints in
solving the ALP formulation. The multi-policy sampling framework employs a set of selected heuristic policies to mimic an
ideal policy, thereby identifying promising constraints in the ALP formulation and enabling the computation of near-optimal
solutions.

A comprehensive computational study is conducted to evaluate the effectiveness of the proposed approach from multiple per-
spectives. Evaluations against the traditional recourse strategy clearly demonstrate the cost-saving advantages of the proposed
method. Comparisons with other high-quality solution methods indicate that the proposed method has the potential to generate
solutions close to the optimumwithin a reasonable computational time. Tests under various demand distributions with differing
levels of variability reveal that the impact of demand variability on cost savings is relatively minor, and the experimental results
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based on either demand distribution can reliably represent the performance of the proposed approach. Furthermore, analysis
under fluctuating outsourcing prices suggests a general trend: overall costs tend to increase as prices rise in the midpoint and
corner depot scenarios. This analysis also highlights the need for dedicated research focused on the pricing problem for further
investigation.

Research avenues exist to enhance the proposed ALPmethod. In particular, addressing two essential elements—the choice of
basis functions and the state-relevance distribution—can significantly improve the solution methodology. These two elements
are critical for minimizing the error in value function approximation [41], yet they remain highly challenging to address. It is
encouraging to see growing attention to ALP methods in recent years, along with notable advances such as those in [32, 41,
36, 54, 37], where machine learning techniques and algorithmic enhancements from computational sciences and operations
research are integrated to improve ALP performance. Future efforts could focus on incorporating these recent developments
into our solution framework to further strengthen its effectiveness. With these advancements, a viable and promising solution
method for solving routing problems near-optimally appears to be on the horizon.
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APPENDIX

A POLICY SET IN MULTI-POLICY SAMPLING FRAMEWORK

A set of policies is prepared to generate the price-directed policy. These policies determine the state-action pairs and the sampled
constraints. The policy set comprises the following candidates: two PRous-type policies, two ORA-type policies, two TRA-type
policies, a category of a priori optimization policies, a myopic policy, and the PRtrd policy under traditional recourse action.

In the candidate policies, the value functions are either computed originally as their methods indicate or based on the de-
composition framework as in equation (16). For example, partial re-optimization (PRous) [48] is applied as one heuristic policy.
Another PRous-type policy is generated by implementing the partial re-optimization framework in the formulation of penalty
cost, and the value functions are then obtained based on (16). So, based on different value function evaluations (i.e., with or
without decomposition), an original policy and its variant based on decomposition are generated for each heuristic policy. We
introduce partial re-optimization (PRous) [48], one-step rollout algorithm (ORA) [46], two-step rollout algorithm (TRA) [38]
and rollout algorithm (RA) [47] to generate policies in the policy set. The variants based on the decomposition framework are
generated accordingly.

Among the candidates, some policies belong to the a priori optimization method category. The fixed routing sequence is
implemented, and only restocking decisions are made during the execution of the policy. We diversify the generation of the
a priori route using the rollout static method [47], a variant of the rollout static method (i.e., based on decomposition as in
equation (16)) and the TSP method [11, 40, 28].

We also diversify the candidate choice by introducing a myopic policy. Under the myopic paradigm, routing and restocking
decisions are made by only considering the immediate cost of the current state. For example, assume the current state is sk =

(l, q,R). The restocking decision is first made for each potential routing choice, i.e., uj,l,R(q) = 1, if dl0 + d0j ≤ dlj + b ·∑
e>q

pj(e) · (e – q), otherwise, uj,l,R(q) = 0, and let cime(j) denote the immediate cost if traveling to customer j (∀ j ∈ R). Then,

the routing decision is made based on argmin
j∈R

{cime(j)}, and the restocking decision is determined accordingly.

Finally, the policy PRtrd, under the traditional recourse action, is included as a candidate policy. This policy is distinct from
the two PRous-type policies in that its recourse relies on the classical DTD action rather than outsourcing. More importantly,
this policy is generated under the original decision sequence (i.e., j → uj), in contrast to the two PRous-type policies, which are
based on the reversed decision sequence (i.e., uj → j). By integrating policies derived from different decision sequences, the
solution space is further enriched, potentially leading to improved outcomes.

Overall, eleven candidate heuristic policies are included in our setting, called par-reopt (PRous), par-reopt-de (PRous-
de), rollout-dynamic (ORA), rollout-dynamic-de (ORA-de), two-rollout-dynamic (TRA), two-rollout-dynamic-de (TRA-de),
rollout-static (RA), rollout-static-de (RA-de), TSP, myopic policies, and par-reopt-trd (PRtrd), where ’-de’ represents the policy
variant based on decomposition. In practice, some of them may be selected to form the policy set, depending on the perfor-
mance of the resulting price-directed policy. Policy candidates can also be hand-selected. Different combinations of policies
can be used to sample constraints, with the goal of obtaining a better price-directed policy.

B PROPERTIES OF PENALTY COSTS
B.1 Monotonicity of penalty cost on residual capacity q
Proof. Penalty cost fjl,R(q) is defined as in equation (19.1). Proving non-increasing in q is to testify fjl,R(q2) ≤ fjl,R(q1) given
0 ≤ q1 ≤ q2 ≤ Q. Four situations need to be considered, when uj,l,R(q1) and uj,l,R(q2) take different values (uj,l,R(q) ∈ {0, 1}).
Situation (1): If uj,l,R(q1) = 1 (case R) and uj,l,R(q2) = 1 (case R), then, fj(R)

l,R (q2) = fj(R)
l,R (q1);

Situation (2): If uj,l,R(q2) = 0 (case D) and uj,l,R(q1) = 1, then, fj(D)
l,R (q2) ≤ fj(R)

l,R (q2) = fj(R)
l,R (q1);
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Situation (3): If uj,l,R(q1) = 0 and uj,l,R(q2) = 0, then,

fj(D)
l,R (q2) – fj(D)

l,R (q1) =
∑
e≤q2

pj(e) · fj,R\j(q2 – e) + b ·
∑
e>q2

pj(e) · (e – q2) +
∑
e>q2

pj(e) · fj,R\j(0)–∑
e≤q1

pj(e) · fj,R\j(q1 – e) – b ·
∑
e>q1

pj(e) · (e – q1) –
∑
e>q1

pj(e) · fj,R\j(0)

= b ·
∑
e>q2

pj(e) · (q1 – q2) –
∑
e≤q1

pj(e) · (fj,R\j(q1 – e) – fj,R\j(q2 – e))–

b ·
q2∑

e>q1

pj(e) · (e – q1) –
q2∑

e>q1

pj(e) · (fj,R\j(0) – fj,R\j(q2 – e))

≤ 0;

If fl,R(·) is non-increasing in q, then the same property must hold for fj,R\j(·). Consequently, we have fj,R\j(q1 –e) ≥ fj,R\j(q2 –e)
for q1 – e ≤ q2 – e, and fj,R\j(0) ≥ fj,R\j(q2 – e) for 0 ≤ q2 – e. Thus, terms –

∑
e≤q1

pj(e) · (fj,R\j(q1 – e) – fj,R\j(q2 – e)) and

–
q2∑

e>q1
pj(e) · (fj,R\j(0) – fj,R\j(q2 – e)) are non-positive. Additionally, since b ·

∑
e>q2

pj(e) · (q1 – q2) and –b ·
q2∑

e>q1
pj(e) · (e – q1)

are both negative, it follows that fj(D)
l,R (q2) – fj(D)

l,R (q1) ≤ 0;
Situation (4): If uj,l,R(q2) = 1 and uj,l,R(q1) = 0, then,

fj(D)
l,R (q1) ≤ fj(R)

l,R (q1) = fj(R)
l,R (q2), and

fj(D)
l,R (q1) =

∑
e≤q1

pj(e) · fj,R\j(q1 – e) + b ·
∑
e>q1

pj(e) · (e – q1) +
∑
e>q1

pj(e) · fj,R\j(0)

≥
∑
e≤q1

pj(e) · fj,R\j(q2 – e) + b ·
∑
e>q2

pj(e) · (e – q1) +
∑
e>q2

pj(e) · fj,R\j(0) +

q2∑
e>q1

pj(e) · fj,R\j(0)

=
∑
e≤q2

pj(e) · fj,R\j(q2 – e) –
q2∑

e>q1

pj(e) · fj,R\j(q2 – e) +
q2∑

e>q1

pj(e) · fj,R\j(0) + b ·
∑
e>q2

pj(e) · (e – q1) +
∑
e>q2

pj(e) · fj,R\j(0)

≥
∑
e≤q2

pj(e) · fj,R\j(q2 – e) + b ·
∑
e>q2

pj(e) · (e – q2) +
∑
e>q2

pj(e) · fj,R\j(0)

= fj(D)
l,R (q2) ≥ fj(R)

l,R (q2)

∴ fj(D)
l,R (q1) ≥ fj(R)

l,R (q2).□

If fl,R(·) is non-increasing in q, then it follows that fj,R\j(q1 – e) ≥ fj,R\j(q2 – e) for q1 – e ≤ q2 – e. Therefore,
∑

e≤q1
pj(e) ·

fj,R\j(q1 – e) ≥
∑

e≤q1
pj(e) · fj,R\j(q2 – e). Moreover, since fj,R\j(q2 – e) ≤ fj,R\j(0) for q2 – e ≥ 0, it follows that –

q2∑
e>q1

pj(e) ·

fj,R\j(q2 – e) +
q2∑

e>q1
pj(e) · fj,R\j(0) ≥ 0. Thus, the inequality holds.

B.2 Possible threshold-type replenishment
For particular customer l∗ and unvisited set R∗ (not all), the optimal decision between replenishing and moving directly to the
next customer is of threshold type in residual capacity q ∈ Qfe

|R|, where Qfe
|R| (i.e. [qmin, qmax]) denotes the feasible range of

residual capacity q and differs for the number of unvisited customers (|R|). Please refer the definition of Qfe
|R| in formulation

(20), where qmin equals to (Q – (N – |R|) · E)+ and qmax equals to Q – emin.
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F I G U R E B1 Possible threshold-type replenishment

As Proposition 1, penalty cost fl,R(·) is non-increasing in residual capacity q, two situations reflected by Fig. B1(a) and Fig. B1(b)
are shown, which indicates situations f j(D)

l,R (qmin) > f j(R)
l,R (qmin) and f j(D)

l,R (qmin) ≤ f j(R)
l,R (qmin), respectively. If f j(D)

l,R (qmin) >
f j(R)
l,R (qmin), the decision for replenishing or proceeding to the next customer directly is of threshold-type in residual capacity

q ∈ Qfe
|R|, as shown in Fig. B1(a), Otherwise, the optimal decision is always to move directly to the next customer (case D),

whatever the residual capacity q is, as shown in Fig. B1(b).
Outsourcing price b influences whether situation (a) or (b) occurs. If the price is sufficiently low, visiting the next customer

directly is always preferable. However, outsourcing is typically priced in a way that incentivizes restocking as the preferred
option when the vehicle’s residual capacity is depleted. Price b is adjusted to accommodate this scenario. Additionally, note
that the expected penalty cost function can be piece-wise linear due to the threshold-based decision structure and the fact that
the maximum customer demand E is lower than vehicle capacity Q.
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C NOTATION

T A B L E C1 Notation

l, j, J, i Customers

ξ̃l Demand of customer l

e Realized amount for random variable ξ̃l

pl(e) Probability when variable ξ̃l takes e

q, Q Residual capacity and capacity limit of the vehicle

dlj Traveling distance between customers l and j

∆lj Extra traveling distance for a preventive return to the depot

b Unit price for outsourcing

Rk(l) Set of unvisited customers from current customer l on stage k

sk State variable, equaling to (l, q,Rk(l)), representing the vehicle

departs from customer l with residual capacity q and set of

unvisited customers Rk(l)

Vk(l, q,Rk(l)) Cost-to-go value at state (l, q,Rk(l))

jk(l, q,Rk(l)) Optimal routing decision, customer j, given state (l, q,Rk(l))

uj,l,Rk(l)(q) Restocking decision at state (l, q,Rk(l)) if routing customer j next

fjk(l, q,Rk(l)) Expected penalty cost for routing customer j next at state (l, q,Rk(l)),

fjl,R(q) for ease of notation

fk(l, q,Rk(l)) Expected penalty cost at state (l, q,Rk(l)), fl,R(q) for ease of notation

Lj
sk Lower bound of fjk(l, q,Rk(l))

vk–1(j,Rk–1(j; l)) Traveling cost by following a partial route starting from customer j

and visiting customers in set Rk–1(j; l) subsequently

Lj,Rk–1(j;l)
tsp Lower bound of vk–1(j,Rk–1(j; l))

θ,α,ω Basis within affine functions to approximate value functions

D RANGE OF OUTSOURCING PRICE
Outsourcing price b follows Criterion 1, which encourages restocking decisions when the vehicle’s residual capacity is empty
(i.e., q = 0). Specifically, restocking is preferred when condition f R(j)(l, 0,R) ≤ f D(j)(l, 0,R) holds, where

f R(j)
k (l, 0,R) = ∆lj +

∑
e

pj(e) · fk–1(j,Q,R \ j)

f D(j)
k (l, 0,R) = b

∑
e

pj(e) · e +
∑

e

pj(e) · fk–1(j, 0,R \ j). (A1)

These equations are obtained by substituting q = 0 into equation (19.1). Since penalty cost function f (·) is non-increasing
in q, it follows that fk–1(j,Q,R \ j) ≤ fk–1(j, 0,R \ j). Therefore,

∑
e pj(e) · fk–1(j,Q,R \ j) ≤

∑
e pj(e) · fk–1(j, 0,R \ j). If

∆lj ≤ b
∑

e pj(e) · e, then condition f R(j)(l, 0,R) ≤ f D(j)(l, 0,R) holds, which implies that b ≥ ∆lj∑
e pj(e)·e . Furthermore, if price

b reaches at least max∆lj∑
e pj(e)·e , then the requirement is fully satisfied.

Outsourcing price b satisfies Criterion 2, partially ensuring the cost savings of the outsourcing strategy compared to the tradi-
tional restocking strategy. Under the traditional recourse strategy, the vehicle fulfills unmet demand by making a replenishment
trip to the depot. In contrast, our strategy satisfies unmet demand through external carriers, incurring an additional outsourcing
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cost. The corresponding cost functions can be expressed by

Vk(l, q,R) = dlj +
∑
e≤q

pj(e) · Vk–1(j, q – e,R \ j) +
∑
e>q

pj(e) · [Vk–1(j,Q + q – e,R \ j) + 2doj]

= dlj +
∑
e≤q

pj(e) · Vk–1(j, q – e,R \ j) +
∑
e>q

pj(e) · Vk–1(j,Q + q – e,R \ j) +
∑
e>q

pj(e) · 2doj

V ′k(l, q,R) = dlj +
∑
e≤q

pj(e) · V ′k–1(j, q – e,R \ j) +
∑
e>q

pj(e) · V ′k–1(j, 0,R \ j) + b
∑
e>q

pj(e) · (e – q). (A2)

From (A2), cost savings for outsourcing, compared to the traditional recourse scheme, can be achieved only if b
∑

e>q pj(e) ·
(e – q) ≤

∑
e>q pj(e) · 2doj, considering that the advantage in residual capacity may already be established, as Q + q – e ≥ 0

after implementing the recourse actions under different strategies. This condition implies that b ≤
∑

e>q pj(e)·2d0j∑
e>q pj(e)·(e–q) must hold. The

fraction
∑

e>q pj(e)∑
e>q pj(e)·(e–q) is non-decreasing in q, as seen from its continuous form

1
E
∫ Q

q dx
1
E
∫ Q

q (x–q)dx
, which is non-decreasing in q under

the assumption that demand e follows the uniform distribution. Consequently,
∑

e>q pj(e)·2d0j∑
e>q pj(e)·(e–q) attains its minimum value when

q = 0. This leads to condition b ≤
∑

e pj(e)·2d0j∑
e pj(e)·e =

2d0j∑
e pj(e)·e , ensuring cost savings when the outsourcing strategy is employed.

Additionally, to further quantify the boundary for b, we establish the condition that price b should not exceed min 2d0j∑
e pj(e)·e .

In summary, outsourcing price b falls within the range [
max∆lj∑

e pj(e)·e ,
min 2d0j∑

e pj(e)·e ], where ∆lj and d0j are determined based on a
feasible TSP trip in our setting. Setting b within this range basically ensures that restocking can occur when the vehicle’s residual
capacity is depleted while also potentially yielding cost savings under the outsourcing strategy compared to the traditional
recourse strategy. Note that max∆lj∑

e pj(e)·e is not always less than min 2d0j∑
e pj(e)·e . In such cases, ∆̄lj∑

e pj(e)·e and 2d̄0j∑
e pj(e)·e are used as the

replacements, where ∆̄lj and d̄0j represent the average values. ∆̄lj∑
e pj(e)·e is chosen to ensure that restocking can take place upon

failure on average, while 2d̄0j∑
e pj(e)·e ensures the cost advantage of the outsourcing strategy on average.
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